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DEFINITION: AN EAR-DECOMPOSITION

OF G IS A SEQUENCE Go,G,.,G:=G
OF SUBGRAPHS OF G WHERE G, IS
A VERTEX , AND EACH G =G, ,+?P,,
P. 1S A PATH AND ONLY I TS END -

VERTICES BELOMNG TO G, -

P IS CALLED EAR.

—— % —

¥ EARS =[g|-|Vv|+4

EXAMPLE:

ODD EARS: 7, P, %
EVEN BAR: P,



THEOREM : A GRAPH G POSSESSES AN
EAR-DECOMPOSITION F AUD ONLY IF

G 1S 2-EDGE-CONNECTED.
(WHITNEY)

DEFINITION: LET G BE A 2-€EDGE -
CONNECTED GRAPH.

W(G)= MINIMUM NUMBER OF EVEN
(FRANK) EARS IN. AN EAR-DECOMPOSITION
OF G.
AN EAR-DECOMPOS\TION |S OPTIMAL |F

EXAMPLES : | T CONTAINSG %) EVEN EARS .

o, 0

$=0 €= =2

THEOREM (FRAMK) A OPTIMAL EAR-DECOMP.
CAN 2E CONSTRUCTED 1M POLY TIME.




THEOREM: (LUCCHESI- YOUNGER)
FOR ANY DIRECTED GRAPH, THE
MINIMUM NUMBER OF EDGEsS WHOSE CONTRACTION

MAKES THE GRAPH STROMNGLY COMNMNECTED
IS EQUAL TO THE MAXIMUM NUMRER
OF PAIRWISE EDGE-DISIOINT DIRECTED CUTS.

STATEMENT :

WY(G)= MINIMUM NUMBER OF EDGES
WHOSE CONTRACTION MAKES
THE GRAPH 6 FACTOR-CRITICAL.

EXAMPLE :




DEFINITIOV: G IS FACTOR-CRITICAL

IE FOR EVERY VERTEX wve \NG)
G-4 HAS A PERFECT MATCHING,

EXAMPLE :

ODD CIRCULIT

THEOREM: (LOVA'SZ)
A GRAPH G 1S FACTOR-CRITICAL
IF AND ONLY IF W([)=0.

APPLICATION: IN EDMONDS MATCHING
ALGORITHM. |



DEFINITION: AN EDGE SET OF G IS
CRITICAL-MAKING |F ITS CONTRACTION
LEAVES A FACTOR-CRITICAL GRAPN.

THEOREM: (FRANK) THE MINIMUM CARDINALIN
OF A CRITICAL-MAKING ED&E SET 1S W6

THEOREM:(2.52.) ANY MINIMAL CRITICA:
MAKING EDGE SET IS OF S12€ W(0),

THEOREM: (Z.52.) THE MINIMAL CRITICAL-
MAKING EDGE SETS FORM THE BASES
OF A MATROID F

DEFINITION: THE INDEPENDENT SETS F
OF F ARE CALLEP EAR-EXTREME,

BECAUSE Y(G/F) = W(6)-| F.
FACT: @(6/F) 2 @(6)-IF| ¥ FEEG).



DEFINITION: A COMNECTED GRAPH G
IS MATCHING “COVERED IF EACH
EDGE OF G BELOMNGS TO SOME
PERFECT MATCHING.

IV oTHER WORDS

FOR EACH PAIR OF ADJIACENT
VERTICES w AND &, G-~u-v
HAS A PERFECT MATCHING.

ExAMPLE:

MATCHIVG -CovVERED NOT
| MATCHIVG —COVERED



T EE UK ™M (ﬂ' l'Ul’kkvv_ﬂ“ i !’L“HNWK’

IF G IS MATCHIVG ~COVERED THEN
vG)=4.

DEFINITION® AN EDGE & OF G IS
P-EXTREME |F THERE EXI\STS AN
OPTIMAL EAR-DECOMPOSITION OF @
S0 THAT € BELONGS To ANV EVEN GAR,

EXAMPLE :

soe P-EXTREME

DEFINITION: G S ‘P-COVERED (F
EVERY GDGE IS P-EXTREME.

EXAMPLE :

A <

=1



THEOREM (LITTLE + LOVASZ-PLUMNER)
IF G 1S MATCH/ING ~COVERED AMD
e,{ € EG), THEN THERE EX(STS AY
OPTIMAL EAR-DEBCOMPOS(TION. OF @
S0 THAT THE FIRST EAR IS 6VEN (7))
AND ¢,fe ¥,.

COROLLARY:

IE G IS MATCHING-COVERED THEN
G 1S (p- COVERED.

OBSERVATION :
G IS MATCH/ING-COVERED

3

@G)=4 AND 6 IS (P-COVERED
\
VeeklG) : Gle s FACTOR-CRITICAL.




¥ =1

DEFINITION: G1S MATCHIVG -COVERED
IF 1T IS CONNECTED AND EACH EDGE

BELONGS TO SOME PERFECT MATCLHING oF G,

DEFINITION: Y(G)={ AN EDGE e OF G
15 CRITICAL-MAKING (F Gfe IS
FACTOR-CRITICAL.

THEOREM: (2.92) LET WG)=4 AND LET
B BE THE SUBGRAPH OF G DEFINED
BY THE CRITICAL- MAKING EDGES 0OFf 6.
THEN

B 15 MATCHING-COVERED,
G/p 'S TACTOR-CRITICAL,




THEOREM : |F G IS MATCH/ING-COVERED
THEN P(G)=4. FURTHERMORE, THE
FIRST EAR CAN BE CHOSEN TO BE
THE EVEN EAR.

THEOREM: LET G BE BIPARTITE, THEN
| @@G)=4 IFF G 'S MATCHING-COVERED.

NOT MATLHING-COVERED



CLAIM: ANY EDGE CAM BE IN THE STARTIVG
ERR OF AN EAR-DECOMPOSITION,

THEOREM: (FRANK) ANY EDGE CAN BRE IV
THE STARTING EAR OF AN OPTIMAL
EAR-DECOMPOSITION,

- THEOREM:(FRANK) AN EDSE CAN BE IV
A STARTING EVEN EAR OF AN OPTIMAL

EAR-DECOMPOSITION IF AND ONLY IF
'T 1S EAR-EXTREME,

THEOREM: (LITTLE) LET G BE A MATCHING
COVERED GRAPH. THEN G)=!.
MOREOVER, ANY TWO EDGES OF G CAN
BE IN A STARTING EVEN EAR OF AN
OPTIMAL EAR-DECOMPOSL) TION,

THEOREM :(2.92) w(a)=!, e AND { ARE Two
EDGES OF G. THEN e AND § TOGETHER
CAN 8E IV A STRARTIVG EVEN EAR OF

AN OPTIMAL EAR-DECOMPOSITION IF A
ONLY IF BOTH EDGES ARE EAR-EXTREMP,



THEOREM:(2.52.) P(G) 2/, e AND { ARE
TWO EDGES OF G, THEN e AND 2
TOGETHER CAN-BE IV A STARTING EVEN
EAR OF AN OPTIMAL EAR-DECOMPOSITION
IF AND OMLY IF THERE EXISTS A CIRCurT
IN THE MATROID F conTAINIVG € ADS

(&> e AUD § ARE IV THE SAME COMECTE
proek of F) |

THEOREM: (2.52)) LET G BE FACTOR-CRITICAL
ALD LET e AUD § BE Two ED&ES OFf 6.
THEN G HAS AN ODD EAR-DECOMPOSITIONV
£0 THAT THE STARTING EAR CONTAINS
e AND § IF AND ONLY IF G/fe 8}

1S FACTOR-CRITICAL,



DEF.: THE BLOCKS OF A MATROID N ARE
THE EQUIVALENCE CLASSES OF ~, WHERE
e~ f IFF THERE EXISTS A CIRCWIT OF N
CONTAINING e ANO {§.

LEMMA (2.€2) THERE EXISTS AN OPTIMAL
EAR-DECOMPOSITION OF G SO THAT THE
FIRST EAR (S EVENM AND IT CONTAILS e
AND £ IFF e AND £ BELOMG To THE
SAME BLock ofF JF(6G).

THeorEM (2.€2) IF G IS A 2-ComecTep
(p- COVERED GRAPH THEW F(6) HAS ONE
BLOCK.

THEOREM (2.01.) BLOCKS oF 3(&)-
BLocks OF PE) .




. o .BH. m

H 1S A STRONG SUBGRAPH OF G IF

() X SEPARATES V(H)-X AND V(6)- v(y)
| OR V@) = v(H), .

(2) eAcH COMPONENT OF H-X IS
FACTOR - CR\TICAL,

(3) THE 3IPARTITE GRAPH By IS
MATCHING - COVERED.



THEOREM ( FRANK)
G HAS A STRONG SUBGRAPH IFF
IT 1S NOT FACTOR-CRITICAL.

“THEOREM ( FRANK) |
IF H 1S A STROMG SURGRAPH OF 6

THEN  (P(H)=4 AN Y (G/H)=9E)- (.

DEF.: €€ E(G) 15 Ear-ExTrEME IF P(6/e)-96)-

DEE: D(G):=(v(6), E(0E))),
WHERE THE EDGES 0F D(E) ARE EXALCTLY
THE EAR-EXTREME €DGES OF @G.

LEMMA (2.S2) LET H 2E A STRONG
SUBGRAPH OF €. THEN

E(0(6)) = £ (0(w) L €(D(G/H)

S

G/y



THEOREM ( FRANK)
@W(G)=4 [FF d A PERFECT MATCHING
OF G AND 3 2 VERTERX DISJOINT
STRONG SUBGRAPHS IN G.

THEOREM (2.52.) LET @(6)=4. THEW

" (4) EOE)) COINCIDES WITH THE EDGE SET
OF ONE OF THE CONNECTED COMPONENTS
(SAY B(6)) OF THE SUBGRAPH OF G DEFINGD
BY THE ALLOWED €PGES OF 6.

(@) V(B(G)) =N [v(u): H 1S A STROWG SUBGRAPH 6]

€X.:




THEOREM (Z.S52.)

LET G BE A GRAPH WITH @EG)={.
LET D(6) BE THE SUBGRAPH OF 4 DEFINED
- BY THE P-EXTREME EDGES OF G.

BASE

THEN D(G) IS COMMECTED AND
EACH EDGE OF D(6) BELOMES TO A
PERFECT MATCHIVG OF 6.

Coroleary: IF@G)<4d , THEN VT < V()
THAT SEPARATES D) THERE EXISTS A
PERFECT MATCHING M OF G SO THAT

|Mn S()|24.




DEF:G 1s A BRICK IF T s 3-VeRTex.
CONNECTED AND (T IS BICRITICAL, THAT (4
G-u-u HAS A PERFECT MATCANG Y u,vev(s).

TIGNT cut LEHM (EOMONDS, LOVASZ, PULLEYSLAMK)
G IS A UK, SCV(6): 34IsIsn-3  ODD.
THEN I A PERFECT MATLHING M : [M A S(S)| Z 3.




DEFINITION: A GENERALIZED
2-GRADED EAR-DELOMPOSITION

OF G 1S A SEQUENMCE G, G,, -, G, =G

e G, IS AN EVEN CYCLE

¢ G =G+ P v 2P, , 48L<€2 DISJOINT PATHS
IF €=2 THEN OOD TPATHS

G, S WY-COVERED Ja'3

) (‘P(Gt) < ('P(Gx'u) Ua'
THEOREM (2.82.)
A GRAPH G S Y-COVERED

0

G HAS A GEMNERALI2ZED 2 -GRADED
. EAR- DECOMPOSITION,

EXAMPLE :




THeoRem (Z2.52.)

G IS Y-COVERED, e, ..., e, ¢€E(G):
G+e,+.-+¢ IS w-covERED AMD
Y(G) =@(G +e,¢--+e, ). THEN 3 4,'53';

G+e, t ey \S Y-COVERED.




EvAMPLE "

. Wel

y f- CoveERED

THEOREM (Z.S2.)

LET G BE A 2-VERTEX- CONMNECTED
¢ -COVERED GRAPH. THEN FoOR EVERY
PAIR OF EDGES fe, f} oF G THERE
EXISTS AN OPTIMAL EAR-DECOMPOSITION
OF 6 SO THAT THE FIRST EAR P IS
EVEN AVD e—ﬁFe‘PL

OA‘ '
K14 @ =2

Y~ COVERED

ERAMMDPLE




