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Reachability in digraph

Definition
Let G = (V, A) be a digraph and X C V.
O pa(X) is the number of arcs entering X,

Q Pa(X) is the set of vertices from which X can be reached in 6
© Qa(X) is the set of vertices that can be reached from X in G.

pa(X
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Arborescences

Let G = (V, A) be a digraph and r € V.

© A subgraph T = (U, B) of G is an
r-arborescence if

n
©® r e U with pg(r) =0,
@ pg(u)=1foralluec U\ rand
@ pp(X)>1forall X CV\r,
ot A
© An r-arborescence T is

]

©® spanning if U=V,
@ maximal if U = Qa(r).

© Packing of arborescences is a set of
pairwise arc-disjoint arborescences.
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Packing spanning arborescences

Theorem (Edmonds 1973)

Let G = (V,A) be a digraph, r € V and k a positive integer.
© There exists a packing of k spanning r-arborescences <=
Q pa(X) >k forall ) £X C V\r.

LN
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Packing maximal arborescences

Definition
Let G = (V,A) be a digraph and (r1,...,r) € VL
© A packing of maximal arborescences is a set {fl, c ft} of pairwise

arc-disjoint nrlaximal ri-arborescences T; in G; that is for every v € V,
{ri:veV(T)}={r € Pa(v)}.
Q For X C V, pa(X) = |{ri € Pa(X)\ X}
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Packing maximal arborescences

Theorem (Kamiyama, Katoh, Takizawa 2009)

Let G = (V,A) be a digraph and (r1,...,r) € Vt.
© There exists a packing of maximal arborescences <=
Q pa(X) > pa(X) forall X C V.

RENEILS

It implies Edmonds’ theorem.
Qletrnn=---=r=r.

O pa(X) > k forall ) # X C V\ r implies the above condition and that
each vertex is reachable from r.

© Hence there exists a packing of maximal r-arborescences that is a
packing of spanning r-arborescences.
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Definition

© Directed hypergraph (shortly dypergraph) is G= (V,A), where
o V/ denotes the set of vertices and .
o A denotes the set of hyperarcs of G.

@ Hyperarc is a pair (Z,z) such that z € Z C V, where

o z is the head of the hyperarc (Z, z) and
o the elements of Z \ z # () are the tails of the hyperarc (Z, z).

G
‘e
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Reachability in dypergraph

Definition
Let G = (V,A) be a dypergraph and X C V.
© Hyperarc (Z,z) enters X if z€ X and (Z\z)N(V\ X) # 0,
Q p.A(X) is the number of hyperarcs entering X,
© Path from uto x in G is vi(=u), (Z1,v2), va, ..., Vi, (Zi, Vig1), Vi,
..., Vj(= x) such that v; is a tail of (Zj, vit1).
Q P(X) is the set of vertices from which X can be reached in g,
© Qu(X) is the set of vertices that can be reached from X in G.
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Definition

Trimmi / G 2 :
rimming the dypergraph G means_ N A imming

replacing each hyperarc (K, v) of G V4 —_—

by an arc uv where u is one of the ¢

tails of the hyperarc (K, v).

Definition
h is supermodular : h(X) + h(Y) < h(XNY)+h(XUY) VX, Y C V.

Theorem (Frank 2011)

Let G = (V, A) be a dypergraph and h an integer-valued, intersecting
supermodular function on V' such that h(()) = 0 = h(V).

If pa(X) > h(X) for all X C V, then G can be trimmed to a digraph G
such that pa(X) > h(X) for all X C V.

10 / 26
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Hyper-arborescences

Let G = (V,.A) be a dypergraph and r € V.

© A subgraph 7 = (U, B) of G is an

r-hyper-arborescence if it can be trimmed
to an r-arborescence on U* U r, where
U* = {u: pp(u) # 0}; that is

o re U\ U

@ pp(u) =1 forall u € U* and

O p(X)>1forall X C V\r,

XNnU*#£0.

@ The r-hyper-arborescence Tis
® spanning if U* = V' \ r, y
@ maximal if U* = Qa(r)\ r. /
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Packing spanning hyper-arborescences

Theorem (Frank, T. Kirdly, Kriesell 2003)

Let G = (V,.A) be a dypergraph, r € V and k a positive integer.
© There exists a packing of k spanning r-hyper-arborescences <=
Q pa(X) >k forall 0 AX C V\r.

© It is proved easily by trimming and Edmonds’ theorem.

© It implies Edmonds’ theorem if Gisa digraph.
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Packing maximal hyper-arborescences

Theorem (Bérczi, Frank 2008)

Let G = (V,A) be a dypergraph and (r1,...,r) € VE.
© There exists a packing of maximal hyper-arborescences <=
Q pa(X) > pa(X) forall X C V.

© It is proved not easily by trimming and Kamiyama, Katoh, Takizawa's
theorem since p4(X) is not intersecting supermodular.
Q It implies
® Frank, T. Kirdly, Kriesell's theorem if p = --- = r, = r and pa(X) > k
foral 0 £X C V\r,
® Kamiyama, Katoh, Takizawa's theorem if é is a digraph.
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For T C 25, M = (S,Z) is a matroid if

Q I+#0,

Q@ IfXCYeTZthen X €1,

Q If X,Y € Z with |X| < |Y|then 3y € Y\ X such that XUy € Z.

v

Examples
© Sets of linearly independent vectors in a vector space,
© Edge-sets of forests of a graph,
O U, k= {X CS:|X| <k} where |S| = n, free matroid = U, ,,.
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Matroids

© independent sets = 7,
@ any subset of an independent set is independent,

© base = maximal independent set,
O all basis are of the same size,

© rank function : r(X) =max{|Y|: Y €Z,Y C X}.
@ non-decreasing,

@ submodular (that is —r is supermodular),
©® X €I if and only if r(X) = |X|.
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Matroid-based rooted-digraphs

A matroid-based rooted-digraph is a quadruple (5,M,S,ﬂ) :
Q G =(V,A)is a digraph,
@ M is a matroid on a set S = {s1,...,S¢}.

© = is a placement of the elements of S at vertices of V such that
S, € T for every v € V, where Sx= 771(X), the elements of S
placed at X.

X
Sx = {S],Sz}

7(s3 m(s3
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Matroid-based packing of rooted-arborescences

Definition

A rooted-arborescence is a pair (T,s) where T

@ T is an r-arborescence for some vertex r,
Q scS, placed at r. (s T3

Definition

A packing {(T1,51),. ... (7:‘5|,s‘5|)} of rooted-arborescences is
matroid-based if {s; € S : v € V(T;)} forms a base of S for every v € V.

RENEIL

| \

For the free matroid M with all k roots at a vertex r,

© matroid-based packing of rooted-arborescences —

© packing of k spanning r-arborescences.

N
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Matroid-based packing of rooted-arborescences

Theorem (Durand de Gevigney, Nguyen, Szigeti 2013)

Let (6 ,M,S, ) be a matroid-based rooted-digraph.
© There is a matroid-based packing of rooted-arborescences —
Q pa(X) = rm(S) — rm(Sx) forall @ # X C V.

It implies Edmonds’ theorem if M is the free matroid with all k roots at
the vertex r.
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Maximal-rank packing of rooted-arborescences

Definition

A packing {(T1,s1), .. f5| sis|)} of rooted-arborescences is of maximal

S (
rank if {s;€S:v e V(T’)} forms a base of Sp,(,) for every v € V.

Theorem (Cs. Kirdly 2013)

Let (é, M, S, ) be a matroid-based rooted-digraph.

© There exists a maximal-rank packing of rooted-arborescences <=
(2 ) pA(X) > rM(SPA(X)) - I’M(Sx) for all X CcV.

| \

Remark
O It implies

@ DdG-N-Sz' theorem if pa(X) > ra(S) — ram(Sx) forall 0 # X C V,
® Kamiyama, Katoh, Takizawa's theorem if M is the free matroid.

N
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A matroid-based rooted-dypergraph is a quadruple (Q,M,S,F) :
© G =(V,A)is a dypergraph,
© M is a matroid on a set S = {s1,...,S:}.

© w is a placement of the elements of S at vertices of V such that
S, €T for every v € V.
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Matroid-based packing of rooted-hyper-arborescences

O A rooted-hyper-arborescence is a triple (71, r,s) where T is an
r-hyper-arborescence and s is an element of S placed at r.

© A packing {(ﬂ M1,S1)y .-y (ﬁ5|, nsy»sis|)} of rooted-hyper-
arborescences is matroid-based if {s; €S:v € QA(ﬁ)(r;)} forms a
base of S for every v € V.

Theorem (Léonard, Szigeti 2013)

Let (G, M,S,n) be a matroid-based rooted-dypergraph.
© There is a matroid-based packing of rooted-hyper-arborescences <=
Q pa(X) > rm(S) — rm(Sx) forall D A X C V.

O It is proved easily by trimming and DdG-N-Sz' theorem.
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Maximal-rank packing of rooted-hyper-arborescences

Definition

Packing {(71,r,s1), ..., (ﬁ5|, ns|»S|s|)} of rooted-hyper-arborescences is
of maximal rank if {s; €S:v e QA(f)(r,-)} forms a base of Sp,(,)
Vv e V.

Theorem (Szigeti 2015-)

Let (g,M,S,ﬂ) be a matroid-based rooted-dypergraph.

© There is a maximal-rank packing of rooted-hyper-arborescences <>
Q pa(X) = rm(Sp,(x)) — rm(Sx) forall X C V.

RENEIL

| A\

O It is proved not easily by trimming and Cs. Kirdly's theorem since
rm(Spy(x)) — rm(Sx) is not intersecting supermodular.

© It implies all the previous results.
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Proof of necessity

O Let {(T1,r1,51),-.., (ﬁs|, ns|»Sis|)} be a maximal-rank packing of
rooted-hyper-arborescences in (é, M,S, 7).

Q LetB,={s;cS:ve QA(ﬁ)(r,-)} (base of Sp,(v)) and X C V.

© For each root s; € [J,cx By \ Sx, there exists a vertex v € X such

that s; € B, and then since 77 is an ri-hyper-arborescence, r; ¢ X and
v E QA(T’-)(”) N X, there exists a hyperarc of 7; that enters X.

@ Since the hyper-arborescences are arc-disjoint,

pA(X) = [Uyex By \ Sx| o = n(s)

rM(UvEX BV \ SX) ri = 7(sj Q
rm(Uyex Bv) — ra(Sx) L
iU Smaoy) — rat(Sx) -
rm(Spax)) — rm(Sx)-

VIV IV
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Conclusion

ixed
hy;Te“’?raph
maximal
matroid
mixed mixed mixed hypergraph
hypergraph hypergraph maximal maximal
maximal matroi matroid matroid
mixed mixed mixed hypergraph | | hypergraph maximal
hypergraph maximal matroid maximal matroid matroid
mixed hypergraph maximal matroid
graph
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Thank you for your attention !
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Motivation : Rigidity

Body-Bar Framework

Theorem (Tay 1984)

"Rigidity” of a Body-Bar Framework can
be characterized by the existence of a
spanning tree decomposition.

Body-Bar Framework

with Bar-Boundary Theorem (Katoh, Tanigawa 2013)

"Rigidity” of a Body-Bar Framework
with Bar-Boundary can be characterized
by the existence of a matroid-based
rooted-tree decomposition.
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