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Edge-connectivity augmentation problems

@ global edge-connectivity augmentation [Watanabe, Nakamura],

@ global edge-connectivity augmentation over symmetric parity families
[S2],

@ node to area global edge-connectivity augmentation [Ishii, Hagiwaral,
@ global edge-connectivity augmentation by attaching stars [B. Fleiner],

@ global edge-connectivity augmentation with partition constraint
[Bang-Jensen, Gabow, Jorddn, Sz].

@ local edge-connectivity augmentation [Frank],

@ local edge-connectivity augmentation by attaching stars [Jorddn, Sz],
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Edge-connectivity augmentation problems

Hypergraphs
@ global edge-connectivity augmentation in hypergraphs by adding
graph edges [Bang-Jensen, Jackson],

@ global edge-connectivity augmentation in hypergraphs by adding
uniform hyperedges [T. Kirdly],

@ local edge-connectivity augmentation in hypergraphs by adding graph
edges (NP-complete) [Cosh, Jackson, Z. Kiraly],

@ local edge-connectivity augmentation in hypergraphs by adding a
hypergraph of minimum total size [Sz].
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Edge-connectivity augmentation problems

Set functions

@ covering a symmetric crossing supermodular set function by a graph
[Benczir, Frank],

@ covering a symmetric crossing supermodular set function by a uniform
hypergraph [T. Kiraly],

@ covering a symmetric crossing supermodular set function p # 1 by a
graph with partition constraint [Grappe, Sz],

@ covering a symmetric skew-supermodular set function by a graph
(NP-complete) [Z. Kirdly],

@ covering a symmetric semi-monotone set function by a graph [Ishii;
Grappe, Sz],

@ covering a symmetric skew-supermodular set function by a
hypergraph of minimum total size [Sz].
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Graphs : Basic Problem

@ Given a graph G = (V, E) and an integer k, what is the minimum

number v of new edges whose addition results in a k-edge-connected

graph?

Global edge-connectivity augmentation of a graph
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Graphs : Basic Problem

Global edge-connectivity augmentation of a graph

@ Given a graph G = (V, E) and an integer k, what is the minimum
number v of new edges whose addition results in a k-edge-connected
graph?

o yv:i=min{|F|: de1r(X) > kVD#X C V}

=min{|F|: div ;) (X) > k —da(X) V0 # X C V}.

Z. Szigeti (G-SCOP, Grenoble) Edge-connectivity augmentation November 2008 5/22



Graphs : Basic Problem

Global edge-connectivity augmentation of a graph

@ Given a graph G = (V, E) and an integer k, what is the minimum
number v of new edges whose addition results in a k-edge-connected
graph?

o yv:i=min{|F|: de1r(X) > kVD#X C V}

=min{|F|: div ;) (X) > k —da(X) V0 # X C V}.

@ p1(X) =k and pa(X) = k — dg(X) are symmetric, crossing

supermodular.
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Graphs : Problem with partition constraint

Global edge-connectivity augmentation of a graph with partition

constraint
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Graphs : Problem with partition constraint

Global edge-connectivity augmentation of a graph with partition

constraint

@ Given a bipartite graph G = (V4, V,; E) and an integer k, what is the
minimum number « of new edges whose addition results in a
k-edge-connected bipartite graph ?
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Graphs : Problem with partition constraint

Global edge-connectivity augmentation of a graph with partition

constraint

@ Given a bipartite graph G = (V4, V,; E) and an integer k, what is the
minimum number « of new edges whose addition results in a
k-edge-connected bipartite graph ?

@ Given a graph G = (V, E), a partition P of V and an integer k, what
is the minimum number « of new edges between different members of
P whose addition results in a k-edge-connected graph?

D, . V)
@ @ Augmentation @ “ﬁ
@I o
Graph G = (V,E) G' k-E-C
Partition P of V
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Graphs : Problem with partition constraint

Global edge-connectivity augmentation of a graph with partition

constraint

@ Given a bipartite graph G = (V4, V,; E) and an integer k, what is the
minimum number « of new edges whose addition results in a
k-edge-connected bipartite graph ?

@ Given a graph G = (V, E), a partition P of V and an integer k, what
is the minimum number « of new edges between different members of
P whose addition results in a k-edge-connected graph?

o (G=(W, W E),P={W, V2}) = Bipartite graph Problem

D, . V)
@ @ Augmentation @ “ﬁ
@I o
Graph G = (V,E) G' k-E-C
Partition P of V
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Graphs : Problem with partition constraint

Global edge-connectivity augmentation of a graph with partition

constraint

@ Given a bipartite graph G = (V4, V,; E) and an integer k, what is the
minimum number « of new edges whose addition results in a
k-edge-connected bipartite graph ?

@ Given a graph G = (V, E), a partition P of V and an integer k, what
is the minimum number « of new edges between different members of
P whose addition results in a k-edge-connected graph?

o (G=(W, W E),P={W, V2}) = Bipartite graph Problem
o (G=(V,E), P={{v}:veV}) = Basic Problem

D, . V)
@ @ Augmentation @ “ﬁ
@I o
Graph G = (V,E) G' k-E-C
Partition P of V
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Connectivity functions

p:2Y — Zis called symmetric if VX C V, p(X) = p(V — X).
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Connectivity functions

p:2Y — Zis called symmetric if VX C V, p(X) = p(V — X).

Crossing supermodular function

p:2Y — Zis called crossing supermodular if ¥X, Y C V with
X-Y,Y =X, XNY,V—(XUY)#D,p(X),p(Y)>0:
p(X) +p(Y) < p(XNY)+p(XUY).
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Connectivity functions

p:2Y — Zis called symmetric if VX C V, p(X) = p(V — X).

Crossing supermodular function

p:2Y — Z is called crossing supermodular if VX, Y C V with
X-Y,Y =X, XNY,V—-(XUY)#0,p(X),p(Y)>0:
p(X) + p(¥) < (XN Y) 4 p(X U V).

Well-known examples
Q p(X) =k,
Q p(X) =—dg(X), (degree function of a graph)
© p(X) =k — dg(X),
Q p(X) =p'(X) — dg(X), (p'(X) is a symmetric crossing supermodular
function).

4
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Covering a function

Covering
A graph H = (V, F) covers a function p : 2¥ — 7Z if
du(X) > p(X) VX C V.
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Covering a function

A graph H = (V, F) covers a function p : 2¥ — 7Z if
du(X) > p(X) VX C V.

Minimization problem 1

Given a symmetric crossing supermodular function p on V, what is the
minimum number of edges of a graph H = (V/, F) that covers p?
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Covering a function

Covering
A graph H = (V, F) covers a function p : 2¥ — 7Z if
du(X) > p(X) VX C V.

4

Minimization problem 1

Given a symmetric crossing supermodular function p on V, what is the
minimum number of edges of a graph H = (V/, F) that covers p?

Minimization problem 2

Given a symmetric crossing supermodular function p on V and a graph
G = (V. E), what is the minimum number of new edges such that the
graph H = (V,E + F) covers p?
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Relations among these problems

Global E-C Global E-C
Graph Bipartite Graph
Supermod Global E-C
Graph Graph with
Partition

N

Supermod
Graph with
Partition
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Covering a function : Problem with partition constraint

Covering a function by a graph with partition constraint

Given a graph G = (V, E), a partition P of V and a symmetric crossing
supermodular function p, what is the minimum number ~ of new edges

between different members of P whose addition results in a graph that
covers p?

®®® __ Covering @0@
Graph G=(V,E) G' covers p
Partition P of V
Function p
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Covering a function : Problem with partition constraint

Covering a function by a graph with partition constraint

Given a graph G = (V, E), a partition P of V and a symmetric crossing
supermodular function p, what is the minimum number ~ of new edges

between different members of P whose addition results in a graph that
covers p?

 (G=(V,E), P={{v}:ve V}and p) = Covering of p

®®@ __ Covering @aw

Graph G = (V,E) G’ covers p
Partition P of V
Function p
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Covering a function : Problem with partition constraint

Covering a function by a graph with partition constraint

Given a graph G = (V, E), a partition P of V and a symmetric crossing
supermodular function p, what is the minimum number ~ of new edges

between different members of P whose addition results in a graph that
covers p?

 (G=(V,E), P={{v}:ve V}and p) = Covering of p

e (G =(V,E), P and p = k)= Global edge-connectivity augmentation
of a graph with partition constraint

®®® __ Covering @0@
Graph G=(V,E) G' covers p
Partition P of V
Function p
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Results : Basic Problem

S(V)= all subpartitions of V.
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Results : Basic Problem

S(V)= all subpartitions of V.

Lowerbound

a:=max{[3 Yy r(k—d(X))]: X € S(V)}.
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Results : Basic Problem

S(V)= all subpartitions of V.

a:=max{[3 Yy r(k—d(X))]: X € S(V)}.

4

Theorem (Watanabe, Nakamura)

Let G = (V,E) be a graph and k > 2. Then the minimum number ~ of
new edges whose addition results in a k-edge-connected graph is

v = o
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Results : Graph problem with partition constraint

Let ®:= max{«, f1,..., 5, } where

o= max{Z(k d(y

=3 (k- (X)) : X € S(V)),

a = max{b

XeX

Yey

)Y eS(Vy)} vi<j<r.
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Results : Graph problem with partition constraint

Lowerbound
Let ®:= max{«, f1,..., 5, } where

0 = max{[% S (k— d(X))] : X € S(V)},

XeX
B o= max{Y (k—d(Y)):YeS(V)} Vi<j<r
Yey )
Attention !
Cs k=3 Cs

v
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Results : Graph problem with partition constraint

C4-configuration

A partition {A1, Az, A3, Ag} of V is a (y-configuration of G if k is odd and
k—d(A)) > 0 V1<i<4,
d(Ai,Aisz) = O VI<i<2,
Y (k—d(X)) = k—d(A) 3XeSA)VI<i<4,
XeX;
XiUXo € S(V)) qN<I<ral<;j<2,
k—d(A)+k—d(Ais2) = ¢ Vi<i<2.

C,-configuration
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Results : Graph problem with partition constraint

C4-configuration
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Results : Graph problem with partition constraint

Ce-configuration

A partition {A1,Az,...,Ae} of V is a Cs-configuration of G if k is odd,
k—d(A)) = 1 V1I<i<6,
k—d(A,'UA,‘+1) =1 V1§I§6,(A7:A1)
o = 3
k—d(A) = 1 3<ji,p,3<r V1<i<6, JA;CANYV L
i—3

v

Cs-configuration
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Results : Graph problem with partition constraint

C¢-configuration
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Results : Graph problem with partition constraint

Theorem (Bang-Jensen, Gabow, Jordan, Sz)

Let G = (V,E) be a graph, P a partition of V and k > 2. Then the
minimum number ~y of new edges between different members of P whose
addition results in a k-edge-connected graph is

® +1 otherwise.

{CD if G contains no C4- and no Cg-configuration,
")l:
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Results : Covering crossing supermodular functions

Let V:= max{ap, L — 1} where

o e max{f% S p(X)]: X € S(V)},

XeX
L = max{l:{Q1,...,Q} partition of V,
p(l ) @) =1V1,p(Q) =13}
i€l
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Results : Covering crossing supermodular functions

Let V:= max{ap, L — 1} where
1
ap = max{[g Z p(X)]: X e S(V)},
XeX
L = max{l:{Q1,...,Q} partition of V,
p(l ) @) =1V1,p(Q) =13}
i€l

Theorem (Benczdr, Frank)

Let p:2Y — Z_ be a symmetric crossing supermodular set function. Then
the minimum number ~ of edges of a graph H = (V, F) that covers p is

y= V.
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Results : Covering a symmetric crossing supermodular

function by a graph with partition constraint

Let ®:= max{ap, f1,...,0,} where g(X) = p(X) — dg(X) and
op = max{[3 Y a(X)]: X € S(V)),
Xex
e = max{z q(Y): YeS(V))} vi<j<r.
Yey
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Results : Covering a symmetric crossing supermodular

function by a graph with partition constraint

Let ®:= max{ap, f1,...,0,} where g(X) = p(X) — dg(X) and

a, = max{[% D> a(X)]:x e SV}
XeX
B o= max{Y q(Y):YeS(V)} vi<j<r
Yey

y
November 2008 19 / 22
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Results : Covering a symmetric crossing supermodular
function by a graph with partition constraint

C;-configuration

A partition {A;, Az, A3, Az} of V is a C;-configuration of G if V1 < <4

q(A;)
d(Ai, Ait2)

> q(x)

Xex;

Aj U Xjpo
q(Ai) + q(Ai+2)
p(Ai) + p(Ai+1)

p(AiUAi_1) + p(Ai U Ait1)

9
9

q(A,-) HX,' € S(A,’),

S(v) 3<i<rit<j<2,
>,
p(
p(

AU A,'+1) is odd,
Ai_1) + p(Ait1)-
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Results : Covering a symmetric crossing supermodular

function by a graph with partition constraint

C¢-configuration

A partition {A1,Az,...,Ae} of V is a (;-configuration of G if V1 </ <6
q(Ai) 1L
q(AiUAi41) = 1, (A7 = A1)
¢ = 3
q(A}) = 1 3J1<j,jp,3<r, JACANY, =
i—3
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Results : Covering a symmetric crossing supermodular

function by a graph with partition constraint

Theorem (Grappe, Sz)

Let G = (V,E) be a graph, P a partition of V and p : 2V — 7, a
symmetric crossing supermodular set function with p # 1.
Then the minimum number ~y of new edges between different members of

‘P whose addition results in a graph that covers p is

& +1 otherwise.

{CD if G contains no C,- and no Cg-configuration,
‘)l:
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