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Summary. A. Frank (Augmenting graphs to meet edge-connectivity requirements,
SIAM J. on Disc. Math. Vol. 5, No. 1 (1992) 22-53) developed a method to solve
edge-connectivity augmentation problems. His paper has stimulated further research
in a number of directions, including many interesting generalizations.

This paper surveys the current State of the Art on the edge-connectivity aug-
mentation problem. Recent extensions of the problem are presented for undirected
graphs, hypergraphs and more generally for set functions. Shortened proofs are pro-
vided for some of the results. A list of open problems is also presented.

1.1 Introduction

In this paper all graphs and hypergraphs are undirected, directed versions of
the problems will not be treated here. By graphs and hypergraphs we mean
multi-graphs and multi-hypergraphs, that is, parallel edges and parallel hy-
peredges are allowed, however loops are forbidden. All the problems here will
concern edge-connectivity, that is, vertex-connectivity will not be considered.
We have to emphasize immediately that in our problems we may add edges
between adjacent vertices, we may even add parallel edges. We remark that
without these assumptions, that is, when the starting and also the resulting
graph must be simple, the problem is NP-complete [22]. The optimization
problems will always be unweighted, the weighted version of the simplest
problem already being NP-complete [12].

The basic problem: The starting point for introducing edge-connectivity
problems is the problem of increasing the reliability of a telephone network.
We may associate a graph to the network: the telephone centers and the con-
nections between them are the vertices and the edges of the graph and the
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reliability of the network corresponds to the edge-connectivity of this graph.
As a natural requirement, we may wish to increase the reliability of the net-
work by constructing new connections between the centers. The optimization
problem in the language of graphs is the global edge-connectivity augmen-
tation problem in graphs, namely: Given a graph G = (V| E) and a positive
integer k, what is the minimum number 7 of new edges whose addition results
in a k-edge-connected graph? We show how to solve this problem, in doing so
we introduce the key ideas to be applied throughout this paper.

The lower bound: First we provide a lower bound on . Suppose that G
is not k-edge-connected. This is because there is a set X of degree d(X) less
than k. Then the deficiency of X is k — d(X), that is, we must add at least
k — d(X) edges between X and V — X. Let {X1,...,X;} be a subpartition
of V. The deficiency of this subpartition is the sum of the deficiencies of the
X,;’s. By adding a new edge we may decrease the deficiency of at most two
X;’s so we may decrease the deficiency of the subpartition by at most two,
hence we obtain the following lower bound:

v > « := [half of the maximum deficiency of a subpartition of V. (1.1)

The minimax theorem (see Theorem 3), due to Watanabe and Nakamura [36],
saying that this lower bound can always be achieved, can be proved as follows:

Frank’s algorithm: (1) Minimal extension: First, add a new vertex s to G
and connect it to each vertex of G by k edges. The resulting graph is k-edge-
connected in V. Secondly, delete as many new edges as possible preserving
k-edge-connectivity in V. The graph obtained is denoted by G’ = (V, F’). If
the degree of s in G’ is odd, then add an arbitrary new edge incident to s.
Then we have a graph G” = (V + s, EUF") that is k-edge-connected in V' so
that the degree of s is even.

(2) Splitting off: Now we will use the main operation of this paper, called
splitting off. Splitting off a pair of edges sr, st incident to s means that we
delete these two edges and we add a new edge rt. Applying Lovasz’s theorem
2(a), split off edge pairs incident to s, preserving k-edge-connectivity in V', as
far as the degree of s becomes zero. This way we obtain a k-edge-connected

graph G* = (V, EU F) with |F| = 1 = 1£17,

Optimality: The optimality will be proved by the existence of a subpartition
of V' whose deficiency provides equality in (1.1). In G’, no edge incident to
s can be deleted without violating k-edge-connectivity in V', so each edge
e € F’ enters a maximal proper subset X, in V of degree k, that is, dg(X.) +
dp/(X.) = k. By the submodularity of the degree function d, these sets provide
a subpartition {Xy,...,X;} of V| for which we do have equality in (1.1):

|

!
y<|F| =] 5 1= f%ZdF'(Xiﬂ =

!
Z(k —da(Xi))] <a<ny.

N =
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Minimal extension: The above method of Frank has two main phases: the
first one - minimal extension - consists of the first two steps, while the second
one is the splitting off.

The first phase is in fact the construction of a graph H = (V + s, F') with
a minimum number of edges such that each edge of H is incident to s and
H covers the deficiency function of G, that is, for every vertex set X C V,
the number of edges of H leaving X is at least the deficiency of X in G with
respect to k.

Frank proved in [15] that this can be done not only for the deficiency
function of a graph: such an optimal graph H can be constructed that covers a
symmetric skew-supermodular function. This result (Theorem 1 in this paper)
is not explicitly presented in [15], it was published in [1].

This general result on extension implies that for an edge-connectivity aug-
mentation problem, if the corresponding splitting off exists, then the optimiza-
tion problem can be solved. Thus we will concentrate on splitting off results
in this paper.

Generalizations: The above mentioned basic problem (that is the problem
of augmenting global edge-connectivity of a graph by adding graph edges) and
its solution capture already the most important ingredients of the theory and
they provide a point of departure for studying more complex edge-connectivity
augmentation problems. Lots of generalizations of Watanabe and Nakamura’s
result will be presented here. This paper is divided in three parts: results on
graphs, on hypergraphs and on set functions. The results in the different parts
are intimately related, we will see that a great number of results on graphs
can be generalized for hypergraphs, which in turn can sometimes be further
extended to ”connectivity” functions.

The first part contains the following generalizations in graphs:

local edge-connectivity augmentation [15],

global edge-connectivity augmentation over symmetric parity families [32],
node to area global edge-connectivity augmentation [19],

global edge-connectivity augmentation by attaching stars [14],

local edge-connectivity augmentation by attaching stars [24],

global edge-connectivity augmentation with partition constraint [2].

We present in the second part generalizations in hypergraphs:

e global edge-connectivity augmentation in hypergraphs by adding graph
edges [3],

e global edge-connectivity augmentation in hypergraphs by adding uniform
hyperedges [26],

e local edge-connectivity augmentation in hypergraphs by adding graph
edges (we mention at once that this problem is NP-complete [11]),

e local edge-connectivity augmentation in hypergraphs by adding a hyper-
graph of minimum total size [31].



4 Zoltan Szigeti

The deficiency function with respect to global (resp. local) edge-connectivity
in graphs and in hypergraphs is symmetric and crossing supermodular (resp.
skew-supermodular). The third part is devoted to generalizations on such set
functions:

covering a symmetric crossing supermodular set function by a graph [6],
covering a symmetric crossing supermodular set function by a uniform
hypergraph [26],

e covering a symmetric skew-supermodular set function by a graph (this
problem is NP-complete [27]),
covering a symmetric semi-monotone set function by a graph [20],
covering a symmetric skew-supermodular set function by a hypergraph of
minimum total size [31].

The main contribution of this paper is to call the reader’s attention to
Theorem 1 of Frank, to survey the results on the edge-connectivity augmen-
tation problem, to provide short proofs for Theorem 12 on detachments sat-
isfying local edge-connectivity requirements, and for Theorem 14 on partition
constrained splitting off preserving global edge-connectivity, and finally, to
present some open problems of the theory.

We finish this introduction by emphasizing that we do not attempt to
cover all topics of the field, e.g. we do not focus on the design of efficient
algorithms, but instead, we concentrate on minimax results of the area.

For further topics, such as Local edge-connectivity augmentation of mixed
graphs, Global edge-connectivity augmentation preserving simplicity, Global
edge-connectivity augmentation in a graph by adding edges within the mem-
bers of a partition, Successive edge-connectivity augmentation, Simultaneous
global edge-connectivity augmentation, we refer to [1], [4], [5], [9], [23].

1.2 Definitions

This section is divided in three parts: definitions on graphs, on hypergraphs
and finally on set functions.

Graph: Let G = (V, E) be a graph. Recall that parallel edges are allowed.
The set of all subpartitions of V' will be denoted by S(V'). For a vertex
v € V, I'(v) denotes the neighbours of v. For X,Y C V, G/X denotes the
graph obtained from G by contracting X into one vertex, while the resulting
parallal edges are kept, d(X,Y’) (resp. d(X,Y)) denotes the number of edges
between X —Y and Y — X (resp. XNY and V—(XUY)), d(X)=d(X,V —-X).
The set of edges leaving X is called a cut and is denoted by 8(X), that is,
d(X) = 16(X)]. It is well-known and easy to check that, for all X, Y CV, (1.2)
and (1.3) are satisfied.
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dX)+dY)=dXNY)+d(XUY)+2d(X,Y), (1.2)
dX)+dY)=d(X -Y)+d(Y — X)+2d(X,Y). (1.3)

The local edge-connectivity between two different vertices z and y of G
is defined by Ag(z, y)= min{de(X) : z € X,y ¢ X}, while A\g(z,z) = +o00.
By Menger’s theorem, Ag(x,y) is the maximum number of edge disjoint paths
in G between z and y. Let G = (U, E) be a graph. For X C U, z,y € U — X,
se U, u,v e U — s we have

)‘G/X(xay) > /\G(x’y)a (14)

da(s) | (1.5)

Ag—s(u,v) > Ag(u,v) — | )

Indeed, if a cut @ separates z and y in G/X then ) also separates them in
G and (1.4) follows. On the other hand, if P is a set of Ag(u,v) edge-disjoint
paths in G then at most de(é)J of them may contain the vertex s and hence

the other paths of P belong to G — s and (1.5) follows.

A graph G = (V,E) is called k-edge-connected in U (for some k €
Zy and U C V) if Ag(z,y) > k Vz,y € U. This definition will be usually
used for U = V or V — s with a specified vertex s of V, in which case it is
equivalent to (1.6). A(G) denotes the global edge-connectivity of G that is
the maximum integer £ so that G is k-edge-connected. Given a symmetric
function r : V x V — Z,, we say that G is r-edge-connected if (1.7) is
satisfied.

da(X)

k- Yi#AXcCU,
Ag(u,v) >r

> .
> r(u,v) Yu,veV. (1.7)

Let G = (V 4 s,E) be a graph. By splitting off two edges sr, st we
mean the operation that replaces sr, st by a new edge rt, the new graph will
be denoted by G,¢. Note that we do not allow loops so if 7 = ¢, then the
resulting loop must be deleted. A pair sr, st is called k-admissible if G, is
k-edge-connected in V' and it is called A-admissible if (1.8) is satisfied. On
several occasions, the splitting off will be called k-admissible instead of the
edge pair. A sequence of splittings off is said to be complete if the degree of
s becomes 0. A complete splitting off is called k-admissible (A\-admissible)
if each splitting off in its sequence is k-admissible (A-admissible, respectively).

A, (z,y) > Aa(z,y) YVao,yeV. (1.8)

Hypergraph: Let G := (V, E) be a hypergraph, that is E is a multiset of
subsets of V. The element of F are called hyperedges. Note that parallel
hyperedges are allowed. The above definitions of the degree funcion, local
edge-connectivity and k-edge-connectivity can be naturally generalized for
hypergraphs. Indeed, let G := (V, E) be a hypergraph. The degree dg(X)
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of a vertex set X is defined as the number of hyperedges intersecting X and
V — X. The local edge-connectivity between two different vertices x and
y of G is defined by Ag(x, y)= min{dg(X) : x € X,y ¢ X}, while Ag(z,z) =
+00. G is called k-edge-connected in U (for some k € Z; and U C V) if
Ag(x,y) > k Va,y € U. We say that a hypergraph H covers a function p if

dr(X) > p(X) VO£XCV. (1.9)

Call a set X of V tight if dy(X) = p(X). ¢(G) denotes the number of
connected components of G. A hypergraph is r-uniform if each hyperedge is
of size r. A graph is a 2-uniform hypergraph. G is called a 2-3 hypergraph if
each hyperedge is of size two or three. The operation A — Y replaces a given
3-hyperedge abc by the star ga, gb, gc of a new vertex g of degree three. The
operation Y — A replaces the star qa, qb, gc of a given vertex g of degree three
by a new 3-hyperedge abc. It is easy to check that the local edge-connectivities
between the original vertices do not change after a A—Y or a Y — A operation.

Set function: Let p : 2 — Z U {—oc} be a set function. The function p
is called supermodular (crossing supermodular) if (1.10) holds for all
X,)Y CV (for all X, Y C V that are crossing that is X NY, X - Y)Y —
X,V —(XUY) #0) and p is called skew-supermodular if at least one of
(1.10) and (1.11) hold for all X,Y C V. We say that p is symmetric if (1.12)
is satisfied for each X C V. A function b : 2V — Z is called submodular
if —b is supermodular. Note that the degree function dg(X) of a graph G is
symmetric and, by (1.2), it is submodular.

p(X) +p(Y) <p(XNY) +p(XUY), (1.10)
p(X) +p(Y) < p(X =Y) +p(Y - X), (L.11)
p(X) =p(V - X). (1.12)

Given a symmetric function r : V x V. — Z,, let us define R(X):=
max{r(z,y) : x € X,y € V — X}. It is known that R is skew-supermodular
(see e.g. in [16]).

Symmetric crossing supermodular functions generalize the deficiency func-
tion of a graph G concerning global edge-connectivity (that is the func-
tion k — dg(X) is symmetric crossing supermodular) and symmetric skew-
supermodular functions generalize the deficiency function of a graph G con-
cerning local edge-connectivity (that is the function R(X) — dg(X) is sym-
metric skew-supermodular).

1.3 Minimal extension

We start this section with a typical lemma that shows how to use the skew-
supermodularity of a function. Recall that if a graph H covers a set function
p, then a set X of V is called tight if dp (X)) = p(X).
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Lemma 1. Let p : 2V — Z U {—occ} be a symmetric skew-supermodular set
function. Let H = (V + s, E) be a graph that covers p. If X and Y are tight
sets and X NY # 0, then either (a) X NY and X UY are tight, or (b)) X =Y
and Y — X are tight and d(X,Y) = 0.

Proof. We may suppose that X —Y # () # Y — X because otherwise (a) is
trivially satisfied.
If p satisfies (1.11) for X and Y then, by (1.3) and (1.9),

p(X) +p(Y) =dg(X) +du(Y)
=dy(X -Y)+dg(Y — X)+2d(X,Y)
>p(X=-Y)+p(Y —X)+0
> p(X) +p(Y),

so we have equality everywhere, implying (b).
Otherwise, X UY # V and p satisfies (1.10) for X and Y. Then, by (1.2)
and (1.9),

p(X) +p(Y) =du(X) +du(Y)
>dg(XNY)+dug(XUY)
p(XNY)+pXUY)

>
> p(X) +p(Y).

so we have equality everywhere, implying (a). O

All the augmentation results of this paper will be obtained by applying
the following general result of Frank and some suitable splitting off theorem.
For the sake of completeness we provide the proof of this theorem.

Theorem 1 (Frank [15], [1]). Let p : 2¥ — Z U {—oc} be a symmetric
skew-supermodular function. Then the edgeless graph on V can be extended
to a graph H by adding a new verter s and v edges incident to s so that H
covers p if and only if

Y p(X) <y VX eSV). (1.13)

Xex

Proof. Suppose that H = (V + s, E) covers p, each edge of H is incident to
s and dy(s) <. Then, for any subpartition X' of V, (1.13) is satisfied by

Z p(X) < Z dp(X) <dg(s) <~.

Xex XeXx

Now suppose that (1.13) is satisfied. The desired graph is constructed as
follows. First add a new vertex s to V' and connect it to each vertex of V by
max{p(X) : X C V} edges. Then, of course, this graph covers p. Secondly,
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delete as many edges as possible preserving that p is covered. Let H be the
graph obtained. It remains to show that dg(s) < .

No edge of H can be deleted, that is, each edge of H enters a tight set.
Thus there exists a set X := {X7, ..., X;} of tight sets so that each edge enters
some set X; and le | X;| is minimal.

We claim that X is a subpartition of V. Suppose that X; N X, # () for some
X;, X; € X. By Lemma 1, either X; U X; is tight, hence X; and X; can be
replaced by X;UX; or X; —X; and X; — X; are tight and d(X;, X;) =0 (that
is no edge enters X; N X;), so X; and X, can be replaced by X; — X; and
X; — X;. In both cases we obtained a contradiction to the fact that le | X |
is minimal.

Thus, X € S(V), so we are done because, by (1.13),

du(s)= Y du(X)= > p(X)<7.0

Xex Xex

1.4 Graphs

In this section we will present the problems on edge-connectivity augmentation
in graphs and their solutions. As we mentioned in the introduction, the basic
tool is splitting off. Each subsection is devoted to one problem, and it is
divided in two parts : results on splitting off and then, applying Theorem 1,
we read out the minimax result on augmentation.

1.4.1 Global edge-connectivity 1

This section is about k-edge-connectivity for some k > 2. First we consider the
operation splitting off: here the graph G = (V +s, E) is k-edge-connected in V/
and we wish to reduce the graph (by splitting off an edge pair incident to s) in
such a way that the graph remains k-edge-connected in V. Then we consider
the augmentation problem where the aim is to make a graph k-edge-connected
by adding new edges.

Splitting off preserving global edge-connectivity

The first result on splitting off is due to Lovész [28]. It concerns global edge-
connectivity, namely it provides a sufficient condition for the existence of a
k-admissible splitting off. More precisely, Lovasz showed that if £ > 2 and the
degree of the special vertex s is even, then each edge belongs to a k-admissible
pair at s. In [2] it was shown that each edge belongs to many k-admissible
pairs.

Theorem 2. Let G = (V +s, E) be a k-edge-connected graph in V with k > 2
and d(s) is even. Then :
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(a) (Lovéasz [28]) each edge st belongs to a k-admissible pair at s.
(b) (Bang-Jensen, Gabow, Jordan, Szigeti [2]) each edge st belongs to at

d(S)

least d(s) (resp. — 1) k-admissibles pairs at s if k is even (resp. odd).

B. Fleiner [14], and independently Bang-Jensen and Jackson [3] proved
that Theorem 2(a) is true for 2-3 hypergraphs containing no 3-hyperedges
incident to s. The special case of Theorem 2(b), when G is Eulerian, was
proved earlier by Jackson [21].

We must emphasize that the above theorem is true only if k£ > 2. Let us
consider the following example for k = 1 : let the graph G = (V + s, E) be
the star of the vertex s of degree four. Then G is connected in V' and there is
no complete 1-admissible splitting off. To avoid this problem we will usually
suppose that the connectivity requirement is at least two.

Augmentation of global edge-connectivity by adding edges

The problem of global edge-connectivity augmentation in graphs, al-
ready introduced and also solved in the introduction, is the following: Given
a graph G = (V, E) and an integer k, what is the minimum number v of new
edges whose addition results in a k-edge-connected graph? In other words, we
are looking for

V= mln{IEI dG+E/( )2 #X cVi

As the function p(X) = k — dg(X) is symmetric and, by (1.2), skew-
supermodular, Theorems 1 and 2(a) imply the following theorem. (Cai and
Sun [8] also proved this result later using some splitting off technique.)

Theorem 3 (Watanabe and Nakamura [36]). Let G = (V, E) be a graph
and k > 2. Then G can be made k-edge-connected by adding at most v new
edges if and only if

Y (k—de(X)) <2y VX eSYV). (1.14)
Xex

We point out again that the case when k = 1 does not fit into this frame-
work. It is obvious that in this case we have to add | — 1 new edges, where [
is the number of connected components of the graph.

1.4.2 Local edge-connectivity I

In the above section we were interested in k-edge-connectivity, that is, in the
minimum value of the local edge-connectivities over all pairs of vertices. This
section concerns the problem where each value counts not just the minimum,
that is, we wish to add new edges to a graph so that the local edge-connectivity
be greater than or equal to a given requirement for each pair of vertices.
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Splitting off preserving local edge-connectivity

In this section we summarize results on splitting off preserving local edge-
connectivity. Mader [29] generalized Lovész’s result Theorem 2(a) for local
edge-connectivity by showing that a A-admissible pair always exists if the
degree of the vertex s is different from 3 and roughly speaking G is 2-edge-
connected. This result implies that at most three edges incident to s belong
to no A-admissible pair. Frank [16] improved this by showing that at most one
edge incident to s belongs to no A-admissible pair. In [33] we characterized
this edge. Since not every edge belongs to a A-admissible pair, the best we
may hope for is that there exists at least one edge that belongs to many -
admissible pairs. In [33] it is shown that the correct number is L@J and
examples show that this result is best possible.

Theorem 4. Let G = (V + s, E) be a connected graph so that d(s) # 3 and
no cut edge is incident to s.

(a) (Mader [29]) There exists a A\-admissible pair at s.

(b) (Frank [16]) There exist Ld(;)J disjoint \-admissible pairs at s. (Hence
at most one edge incident to s belongs to no A\-admissible pair.)

(c) (Szigeti [33]) An edge st belongs to no A-admissible pair if and only if
d(s) is odd and there exist two disjoint sets C1,Cy C V —t such that
d(C;) = R(C;) and d(s,C;) = d(s L for i = 1,2. Moreover, for every
1 € C1NI(s),ca € CanI(s), {scl, sca} is a A- admzsszble pair.

(d) (Szigeti [33]) There exists an edge belonging to at least Ld(;)J A-admissible
pairs at s.

Augmentation of local edge-connectivity by adding edges

The problem of local edge-connectivity augmentation in graphs is
defined as follows: Given a graph G and a symmetric requirement function
r:V xV — Z,, what is the minimum number v of new edges whose addition
results in an r-edge-connected graph?

Note that, by taking r to be equal to k for each pair of vertices, this problem
contains, as a special case, the global edge-connectivity augmentation problem
in graphs.

Recall that R(X) = max{r(z,y) : ¢ € X,y € V — X} is symmetric and
skew-supermodular. We can reformulate the problem as follows: we look for

v = min{|E’| : A\g4+ g (u,v) > r(u,v) Vu,v € V}
= min{|E'| : dey g (X) = R(X) ¥ 3& XcV}
= min{|2] : dy.y(X) > R(X) — do(X) Y0 £ X C V).

As p(X) = R(X) —dg(X) is a symmetric, skew-supermodular function, The-
orems 1 and 4 imply the following theorem.
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Theorem 5 (Frank [15]). Let G = (V,E) be a graph and 2 < r(u,v) €
Z Nu,v € V. Then G can be made r-edge-connected by adding at most v new
edges if and only if

> (R(X) —da(X)) <2y VX €S(V). (1.15)
XeXx

Note that the special case of Theorem 5 when r(u,v) = k Yu,v € V is
exactly Theorem 3.

1.4.3 Symmetric parity families

A family F of subsets of V is called a symmetric parity family if it satisfies
the following three properties. (i) 0,V ¢ F, (ii) if A € F, then V — A € F,
(iii) if A,B ¢ F and ANB = (), then AUB ¢ F. Let T C V be a set of
even cardinality. A set X is called T-odd if |T N X| is odd. If G = (V, E)
is a connected graph then (G,T) is called a graft. A cut §g(X) is called a
T-cut if X is T-odd, more generally d¢(X) is called an F-cut if X € F.
The most important examples of parity families are F := 2V — {(), V} and
F:={X CV:Xis T-odd}.
In this section we will deal with F-cuts.

Splitting off preserving global edge-connectivity over symmetric
parity families

Theorem 4(a) implies easily the following.

Theorem 6 (Szigeti [32]). Let G = (V + s, E) be a graph so that d(s) > 0
is even and let F be a symmetric parity family on V. Suppose that for some
k>2,

d(X)>k VX € F. (1.16)

Then there exists a pair of edges incident to s that can be split off without
violating (1.16).

Augmentation of global edge-connectivity over symmetric parity
families

In this section we solve the following global edge-connectivity augmenta-
tion problem over a symmetric parity family: Given a graph G = (V, E),
a symmetric parity family F on V and an integer k, what is the minimum
number v of edges whose addition results in a graph in which each F-cut
contains at least k edges?

A special case is the minimum T-cut augmentation problem: how many
new edges must be added to a graph so that the minimum T-cut contains at
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least k edges? It also contains, as a special case, the global edge-connectivity
augmentation problem in graphs.

For a symmetric parity family F, a graph G = (V,E) and k € Z*, let
p(X) ==k —dg(X) if X € F, and —oo otherwise. The problem of edge-
connectivity augmentation over a symmetric parity family can be reformulated
as follows: what is the value

v :=min{|F'| : dg+p(X) > k VX € F}
= min{|E'| : d(v,p)(X) > p(X) VX CV}?

It is easy to see that p is a symmetric skew-supermodular function, so Theo-
rems 1 and 6 provide at once the following theorem.

Theorem 7 (Szigeti [32]). For a graph G = (V,E), a symmetric parity
family F on V' and an integer k > 2, the minimum cardinality of an F-cut
can be augmented to k by adding at most vy edges if and only if

l
S (k—d(Xy) <2y V{X1,....X;} €S(V) with X; € F.  (1.17)

i=1

By applying Theorem 7, for F = 2" — {(), V} we get Theorem 3, and, for
F being the set of T-odd subsets of V, we get the following theorem on T-cuts.

Theorem 8 (Szigeti [32]). For any graft (G,T), the minimum cardinality
of a T-cut can be augmented to k > 2 by adding at most 7y edges if and only
if > xex(k—d(X)) <2y for each subpartition X of V into T-odd sets.

1.4.4 Node to area edge-connectivity

The node to area global edge-connectivity augmentation problem can
be defined as follows: Given a graph G = (V, E), a family A of sets A CV
(called areas), and a requirement function r : A — Zi, add a minimum
number Opt(r,G) of new edges to G so that the resulting graph contains
r(A) edge-disjoint paths from any area A to any vertex v ¢ A.

Note that, by taking just one vertex as the family of areas and k as the
requirement for this vertex, then we get as a special case the global edge-
connectivity augmentation problem in graphs.

Let us define PA(X) = max{r(4) : A e AL, AnNX =0or AC X} if
V#X #0and PA(V) = Pa(0) = 0 and Q4(G) := max{} v pqa(X): X €
S(V)}, where qa(X) = Pa(X) — da(X).

Now we can provide a lower bound for the optimal value, namely Opt(r, G)
> [QAT(G)} The question is whether we have always equality here or not.

Usually equality will hold, unless the graph contains a special configuration.
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The node to area global edge-connectivity augmentation problem is a spe-
cial case of the symmetric semi-monotone function covering problem treated
in Section 1.6.2, so Theorem 29 implies the following. We mention that the
above defined P4(X) is the symmetric semi-monotone function to be covered.

Theorem 9 (Ishii, Hagiwara [19]). Let G = (V, E) be a graph, A a family
of sets ACV, andr: A— Z, a requirement function so that r(A) # 1 VA €
A. If G contains no A-configuration, then Opt(r,G) = fQ““T(G)L otherwise

Opt(r,G) = [94D] 4 1.

The definition of a A-configuration can be found in [19], where it is called
P-property. We mention that if A = {v} and r(v) = k, then no A-configuration
can exist, so Theorem 9 implies Theorem 3. We remark that without the
condition r(A) # 1 VA € A, the problem is NP-complete, see Section 1.6.2.

1.4.5 Global edge-connectivity II

Let us return to global edge-connectivity. First we generalize the operation
splitting off, by introducing detachment, and then we consider the problem
where we wish again to make a graph k-edge-connected, but this time by at-
taching stars. The essential tool to solve this problem is exactly the operation
detachment.

Detachments preserving global edge-connectivity

In this section we generalize the operation splitting off.

Let G = (V + s, F) be a graph. A degree specification for s is a se-
quence f(s)= (di,...,dp) of positive integers with >-%_, d; = dg(s). An
f(s)-detachment of G at s is the graph G’ obtained from G by replacing s
by a set s1,..., s, of independent vertices and distributing the edges incident
to s among them in such a way that dg/(s;) = d; (1 < i < p). Note that all
the other ends of the edges in G remain the same.

Let us mention that a splitting off can really be considered as a special
case of detachment, namely if after a splitting off we subdivide the new edge
then the new graph is a (2, d(s) — 2)-detachment and this operation does not
change the local edge-connectivities between the original vertices.

The following beautiful theorem of B. Fleiner characterizes graphs that
have a k-edge-connected f(s)-detachment.

Theorem 10 (B.Fleiner [14]). Let G = (V + s, E) be a graph, 2 < k € Z
and f(s) = (di,...,dp) a degree specification for s with d; > 2 ¥i. Then there
exists an f(s)-detachment of G that is k-edge-connected in V if and only if

G is k-edge-connected in 'V, (1.18)
G—s is (k—Y.V|%])-edge-connected. (1.19)
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We note that the special case of Theorem 10, when each d; is even, is equiv-
alent to Theorem 2(a). Indeed, in this case the condition (1.19) is automati-
cally satisfied by (1.5) and hence Theorem 10 implies Theorem 2(a). On the
other hand, by Theorem 2(a), there exists a complete k-admissible splitting
off, subdividing each new edge by a vertex and combining the suitable number
of new vertices, an f(s)-detachment is obtained which is k-edge-connected in
V by (1.4), and hence Theorem 2(a) implies this special case of Theorem 10.

The proof technique of B. Fleiner [14] needed the more general framework
of 2-3 hypegraphs. He proved that Theorem 10 is true for 2-3 hypergraphs
containing no 3-hyperedges incident to s.

We give a generalization of this result in Section 1.4.6, for which we will
provide a short proof in the appendix, much shorter than the original proof
of B. Fleiner of Theorem 10.

Augmentation of global edge-connectivity by attaching stars

By attaching a star of degree d to a graph G, we mean adding a new vertex
and connecting it to some vertices of G so that the degree of the new vertex
becomes d. The problem of this section is the global edge-connectivity
augmentation problem of a graph by attaching stars that can be de-
fined as follows: Given a graph G = (V, E) and integers k,dy,...,d,, decide
whether it is possible to attach p stars to G with degrees dq,...,d, to have a
k-edge-connected graph in V.

Note that, by taking each d; to be equal to 2, we get as a special case the
global edge-connectivity augmentation problem in a graph.

The solution of the problem of this section is given in the following theorem
of B. Fleiner which is implied by Theorems 1 and 10. It might be advantageous
to notice that condition (1.20) and the fact that k — d(X) is symmetric skew-
supermodular guarantees that the minimal extension can be made by Z§:1 d;
edges, while condition (1.21) allows us to find the suitable detachment.

Theorem 11 (B. Fleiner [14]). A graph G = (V, E) can be made k-edge-
connected (k > 2) by attaching p stars with degrees di,...,d, (d; > 2 Vi) if
and only if

> (k—d(X)) < zp:dj VX e S(V), (1.20)

d.

k— 2] < \G). 1.21

EIREC (1.21)

Note that, for d; = 2 Vi, (1.21) is satisfied by (1.20). Indeed, for X C V

with d(X) = A(X), by (1.20) for {X,V—-X}, (k—d(X))+(k—d(V-X)) < 2p,

so by the symmetry of d(X),k —p < d(X) = MG), that is, (1.21) is satisfied.
Hence Theorem 11 implies Theorem 3.
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1.4.6 Local edge-connectivity II

In this section we generalize the results of the previous section. First we extend
the Theorem of B. Fleiner to the case when local edge-connectivity is involved,
and then we solve the problem where we wish to attach stars of given degree
to a graph so that the local edge-connectivity be greater than or equal to a
given requirement for each pair of vertices.

Detachments preserving local edge-connectivity

Recall that G = (V +s, E) is r-edge-connected if Ag(u,v) > r(u,v) Yu,v € V,
where r: V xV — Z, is a symmetric requirement function. In the next result
we characterize graphs that have an r-edge-connected f(s)-detachment.
Note that, by taking r to be equal to k& for each pair of vertices, we get a
characterization of graphs having a k-edge-connected f(s)-detachment.

Theorem 12 (Jordéan, Szigeti [24]). Let G = (V + s, E) be a graph, v a
symmetric requirement function on V with r(u,v) > 2 Yu,v € V and f(s) =
(di,...,dy) a degree specification for s with d; > 2 Vi. Let o = >7|% |. Then
there exists an r-edge-connected f(s)-detachment of G if and only if

G is r-edge-connected, (1.22)
G — s is (r—)-edge-connected. (1.23)

The special case of Theorem 12, when r(u,v) = k Yu,v € V, is Theorem
10, and when r(u,v) = Ag(u,v) Yu,v € V, provides a characterization of the
existence of an f(s)-detachment that preserves local edge-connectivities, while
when at most one d; is odd, is equivalent to Theorem 4(a).

We will provide a short proof of the above theorem in Section 1.8.1. It will
use Theorem 4(a) so it does not provide a new proof for Theorem 4(a). Note
that it provides a short proof for Theorem 10.

Augmentation of local edge-connectivity by attaching stars

In this section we solve the following global edge-connectivity augmenta-
tion problem of a graph by attaching stars: Given a graph G = (V, E),
a symmetric requirement function r : V. x V. — Z, and integers di,. .., dp,
decide whether it is possible to attach p stars to G with degrees di,...,dp, so
as to obtain an r-edge-connected graph in V.

Note that, by taking r to be equal to k for each pair of vertices, we get as a
special case the global edge-connectivity augmentation problem of a graph by
attaching stars, and by taking each d; to be equal to 2 but r being arbitrary,
we get the local edge-connectivity augmentation problem.
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Recall that R(X) = max{r(z,y) : v € X,y € V — X} and that the
function R(X) — d(X) is symmetric skew-supermodular. Then Theorems 1
and 12 imply at once the following theorem. As for the global case, we may
notice that condition (1.24) guarantees that the minimal extension can be
made by Z§:1 d; edges, while condition (1.25) allows us to find the suitable
detachment.

Theorem 13 (Jordéan, Szigeti [24]). Let G = (V, E) be a graph, r : V x
V — Zy a symmetric requirement function with r(u,v) > 2 Vu,v € V. Then G
can be made r-edge-connected by attaching p stars with degrees di, . .., d, (d; >
2 Vi) if and only if

> (R(X Zp:dj VX € S(V), (1.24)
i[dﬂ < Ag(u,v) Yu,veV. (1.25)

Note that, if r(u,v) = k Yu,v € V, then (1.24) and (1.25) are equivalent to
(1.20) and (1.21), so Theorem 13 implies Theorem 11, and if d; = 2 Vi, then
(1.24) implies (1.25) (that can be shown similarly, as it was shown for the
global case) and hence Theorem 13 implies Theorem 5. Hence, our result is a
common generalization of B. Fleiner’s theorem on global edge-connectivity au-
mentation by attaching stars and Frank’s theorem on local edge-connectivity
aumentation by adding edges.

1.4.7 Globel edge-connectivity with partition constraints

The aim of this section is to present the solution of the problem of global
edge-connectivity augmentation in bipartite graphs. In fact, we consider a
more general setting, namely the global edge-connectivity augmentation
problem of a graph with partition constraints: we want to make an
arbitrary graph k-edge-connected by adding a minimum number of new edges
between different members of a given partition of the vertex set.

Splitting off preserving global edge-connectivity with partition
constraints

Let G = (V + s, E) be a graph with a specified vertex s of even degree, and
P ={P,...,P.} a partition of V (resp. 6(s)). If we have a partition of V,
then obviously we may define a partition of d(s), hence the second form is
more general than the first one. A splitting off {su, sv} is called P-allowed
if w and v (resp. su and sv) belong to different members of P. A k-admissible
P-allowed splitting off will be called allowed. We wish to characterize graphs
and partitions for which there exists a complete allowed splitting off, that
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is, we are interested in a complete splitting off, that is, at the same time P-
allowed and k-admissible. Notice that a complete P-allowed splitting off exists
if and only if d(s, P;) < @ V1 < i <r while, as it is already known for us, a
complete k-admissible splitting off exists if and only if G is k-edge-connected
in V. Are these conditions together sufficient to have an allowed complete
splitting off 7 We will answer this question in this section.

To show the difficulties of our problem, suppose we wish to make 3-edge-
connected a 4-cycle Cy. Clearly, this can be done by adding two edges. Note
that the optimal solution is unique, we have to transform the graph into a
K. Now suppose that we have an additional condition, we must maintain the
bipartiteness of Cy4. Then this solution is not feasible any more. In this case we
have to add 3 edges. Let us reformulate this difficulty in terms of splitting off.
Let G be the graph obtained from Cj by adding a new vertex s and connecting
s to all the four vertices. Let P be the bipartion of C4. Then G admits no
complete 3-admissible P-allowed splitting off. The essential properties of this
example are kept in a more general structure called Cy-obstacle, defined as
follows.

A partition {4y, A, Az, Ay} of V is called a Cy-obstacle of G if k is odd and

d(A;) =k V1l <i<4, (1.26)

d(A;, Aiye) =0 V1<i<2, (1.27)
pI=T m<i<n (1.2)

(S(Aj U Aj+2) n (5(8) =P J1<j<2. (1.29)

Another difficulty may turn up if the partition contains more than two
members. Suppose we wish to make 3-edge-connected a 6-cycle Cg. Clearly,
this can be done by adding three edges. Note that, though the optimal solution
is not unique, we have to add at least one diagonal edge. Now suppose that
we have the additional condition that we must maintain the non-adjacency
of the opposite vertices of Cs. Then this solution is not feasible any more. In
this case we have to add 4 edges. Let us reformulate this difficulty in terms
of splitting off. Let G be the graph obtained from Cg by adding a new vertex
s and connecting s to all the six vertices. Let P the 3-partion of Cg where
the sets consist of the opposite vertices of Cg. Then G admits no complete
3-admissible P-allowed splitting off. As before, the essential properties of this
example are kept in a more general structure called Cg-obstacle, defined as
follows.

A partition {A1,..., Ag} of V is called a Cg-obstacle of G if k is odd and

d(A;) = k V1 <i<6, (1.30)
k—1

(A Ai) = 5= VISi<6,(A4r=4A)  (131)

d(s, A;) =1 V1 <i <6, (1.32)
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5(14] U Aj+3) n (5(8) = Jplj V1 S j S 3, d1 S lj S T. (133)

We must emphasize that these difficulties may exist only if the target
edge-connectivity is odd, and if one of them exists, then no complete allowed
splitting off may exist. Now we are in a position to provide a characterization
of the existence of a complete allowed splitting off.

Theorem 14 (Bang-Jensen, Gabow, Jordén, Szigeti [2]). Let G = (V+
s, E) be a graph with d(s) even, 2 <k € Z, and P = {Py,...,P.} a partition
of V.. Then there exists a complete k-admissible P-allowed splitting off at s if
and only if

G is k-edge-connected in V, (1.34)
d
d(s,P;) < % Vi<i<m, (1.35)
G contains no Cy- or Cg-obstacle. (1.36)

In the special case, when each element of P is a singleton, no C4 or Cg-
obstacle can exist, thus Theorem 14 implies Theorem 2(a), while when |P| =
2, it provides (with Theorem 1) a solution for the problem of global edge-
connectivity augmentation in bipartite graphs. We may observe that in this
case no Cg-obstacle can exist.

The following result from [35] is a slight generalization of Theorem 14. The
motivation of this form is that it allows us to contract tight sets and hence it
enables us to simplify the proof that will be presented in Section 1.8.2.

Theorem 15 (Szigeti [35]). Let G = (V + s, E) be a graph with d(s) even,
2<keZ, and P ={P,...,P.} a partition of 6(s). Then there exists a
complete k-admissible P-allowed splitting off at s if and only if (1.34), (1.36)
and the following condition are satisfied.

1P| < d(;) Vi<i<r (1.37)

Augmentation of global edge-connectivity with partition
constraints

We present a more precise reformulation of the problem of this section: Given
a graph G = (V, E), an integer k and a partition P = {Py, ..., P.} of V, what
s the minimum number OPT,’; of P-allowed edges whose addition results in
a k-edge-connected graph?

Note that, by taking the partition of all singletons in this problem, we
get as a special case the global edge-connectivity augmentation problem in
graphs.

The following theorem answers this problem. Let &:= max{«, f1,...,0:}
where
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o= max([ 0 I x e sy,
Xex

By = max( 3 (h—d(¥)): Y €SP} V1<j<r
Yey

It is crucial to point out that @ is a lower bound for the optimal value,
that is,

OPTE > &. (1.38)

Indeed, by adding an edge to G we may decrease the deficiency k — d(Z) of
at most two sets in X and of at most one set in each ), and hence we can
decrease @ by at most one.

We will have equality in (1.38), unless G contains one of the following
two configurations. These are the structures that force us to have a Cy- or
Cg-obstacle in any optimal extension.

A partition {41, Aa, A3, A4} of V is called a Cy-configuration of G if k
is odd and

d(A;) < k V1 <i <4, (1.39)
d(A;, Aiy2) =0 V1<i<2, (1.40)
Y (k—d(X)) =k—d(4;) 3X€S(A;) V1 <i<4, (141

Xex;
X;UXj0 € S(P) J<I<r3l<j<2, (142)
k—d(A;)+k—d(Aiys) =D V1<i<2. (1.43)

A partition {A;, A, ..., Ag} of V is called a Cg-configuration of G if k
is odd and

d(A) =k — 1 V1<i<6, (1.44)
k—1
A(As, Ai1) = =5 V1 <i <6, (Ar = A)) (1.45)
¢ =3 V1 <i<6, (1.46)
d(Aj) =k—1 < g1, 02,53 <rV1I<i<6 (1.47)

JA, C A; N P,

i—s G50 )7
where the j;’s must be different in (1.47).

Since these configurations force us to have an obstacle in any optimal
extension, in which case there exists no complete allowed splitting off in the
extended graph, the existence of a configuration implies that the optimal
solution must contain at least ® + 1 edges. We show that this can be achived.
Using Theorems 1 and 14 we can prove with some effort the following result.
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Theorem 16 (Bang-Jensen, Gabow, Jorddan, Szigeti [2]). Let G =
(V,E) be a connected graph, P = {Py,...,P.} a partition of V and k > 2.
Then G can be made k-edge-connected by adding @ P-allowed edges (that is
OPTE = &) unless G contains a Cy- or Cg-configuration when we need one
more edge (that is OPTE =& +1).

As the global edge-connectivity augmentation problem without partition
constraints can be considered as one with partition constraints where each
element of P is a singleton, in which case no Cy- or Cg-configuration can
exist and ¢ = a, Theorem 16 implies Theorem 3. We note that if we want to
augment the global edge-connectivity of a bipartite graph then |P| = 2 and
hence a Cg-configuration can not exist.

1.5 Hypergraphs

In this section we wish to present problems on edge-connectivity augmentation
in hypergraphs and their solutions. We continue with the same structure as
before: each subsection is devoted to one problem, and it is divided in two
parts; results on splitting off and then the minimax result on augmentation.
We mention that some of the problems that were easy in graphs turn out to
be already too difficult in hypergraphs.

1.5.1 Augmentation of global edge-connectivity in a hypergraph
by adding graph edges

In this section we consider the problem of global edge-connectivity aug-
mentation in hypergraphs by adding graph edges, that can be formu-
lated as follows: Given a hypergraph G and k € Z%, what is the minimum
number of graph edges (hyperedges of size two) whose addition results in a
k-edge-connected hypergraph?

Of course, if the hypergraph is in fact a graph, then the problem reduces
to the global edge-connectivity augmentation problem in graphs.

One of the main difficulties with hypergraphs that we have to handle the
case when k = 1. Why is it so? Becasue by deleting a hyperedge the number
of connected components may increase by a large value. This discussion shows
the necessity of condition (1.49).

The corresponding splitting off result is the following.
Theorem 17 (Bang-Jensen, Jackson [3]). Let G = (V +s,&) be a hyper-
graph and v,k € Z* so that d(s) = 2v and each edge incident to s is of size
two. Then there is a complete k-admissible splitting off at s if and only if
G is k-edge-connected in V, (1.48)
c(G—s—H)—1<yVHCE|H|<k-1. (1.49)
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If G is a graph, then the second condition of the above theorem is satisfied
(after deleting k — 1 edges in a k-edge-connected graph, the graph remains
connected) and hence Theorem 17 implies Theorem 2(a).

Theorems 1 and 17 imply the following theorem that solves the problem of
this section. We notice that (1.50) and the fact that the function k& — dz(X)
is symmetric skew-supermodular guarantees that the optimal extension (with
respect to k) can be made by 2+ edges and (1.51) allows us to find the complete
k-admissible splitting off.

Theorem 18 (Bang-Jensen, Jackson [3]). Let G be a hypergraph and k €
ZF. Then G can be made k-edge-connected by adding at most v new edges
(hyperedges of size two) if and only if

> (k—dg(X)) <2y VX e€S(V), (1.50)
Xex
c(G—H)-1< v VYHCE(@G), Hl <k-1. (1.51)

As above, if G is a graph, then (1.51) is implied by (1.50) and hence
Theorem 18 implies Theorem 3.

1.5.2 Augmentation of global edge-connectivity of a hypergraph
by adding a uniform hypergraph

As a natural generalization of the problem of the previous section, one can
consider the global edge-connectivity augmentation problem of a hy-
pergraph by adding hyperedges of the same size, namely: Given a
hypergraph G and k,r € Z*, what is the minimum number of hyperedges of
size  whose addition results in a k-edge-connected hypergraph?

Since the function k — dy(X) is symmetric crossing supermodular, the
problem of covering a symmetric crossing supermodular function by a uniform
hypergraph contains this problem as a special case, thus Theorem 26 implies
the following theorem. We mention that it is not easy to see that (1.54) implies
(1.65) when p(X) = k — dg(X).

Theorem 19 (T. Kirdly [26]). Let G = (V, &) be a hypergraph and k,r €
Zy,r < |V|. Then G can be made k-edge-connected by adding at most v new
hyperedges of size r if and only if

> (k—dg(X)) <ry VX € S(V), (1.52)
Xex

k—dg(X) <~ VX CV, (1.53)

(G-—H)—-1<(r—1)y VYHCE|H|=k—1. (1.54)

The special case when we want to augment the edge-connectivity from k
to k+1 was solved earlier in Fleiner, Jorddn [13]. Note that, when r = 2, then
(1.52) and (1.54) reduce to (1.50) and (1.51), and (1.53) is implied by (1.52),
so Theorem 19 implies Theorem 18.
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1.5.3 Augmentation of local edge-connectivity of a hypergraph by
adding graph edges

This section is the devoted to the following problem.

HYPERGRAPH LOCAL EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH
Instance: A hypergraph H on V, a symmetric requirement function r(u,v) €
ZNu,v eV, and v € Z,.

Question: Does there exist a graph G = (V, E) with at most v edges so that
v (u,v) > r(u,v) Yu,v € V?

The following theorem shows that this problem is already too complicated.

Theorem 20 (Cosh, Jackson, Z. Kiraly [11]). The problem HYPER-
GRAPH LoCAL EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH is NP-
complete.

We mention that the above problem remains NP-complete if the hyper-
graph contains only just one hyperedge of size greater than 2.

We remark that the special case of the problem HYPERGRAPH LOCAL
EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH for 2-3 hypergraphs is
tractable. This is because of the fact that a 2-3 hypergraph can be transformed
into a graph with the same local edge-connectivities and vice versa. Thus
Theorem 12 implies the following.

Theorem 21 (Jordéan, Szigeti [24]). Let r be a requirement function with
2 <r(u,v) €Z Yu,v € V. A 2-3 hypergraph G = (V, E) can be made r-edge-
connected by adding v edges and v 3-hyperedges if and only if

> (R(X) —d(X)) <2y+3y VX eSV), (1.55)
Xex

G isr—(v + ¥')-edge-connected. (1.56)

1.5.4 Bipartite constrained augmentation of local
edge-connectivity of a hypergraph by adding graph edges

In this section we consider a restricted version of the main problem of the
preceding section.

BIPARTITION CONSTRAINED HYPERGRAPH LOCAL EDGE-CONNECTIVITY
AUGMENTATION BY A GRAPH

Instance: A hypergraph H on V| a bipartition {4, B} of V, a symmetric re-
quirement function r(u,v) € Z Yu,v € V, and v € Z..

Question: Does there exist a bipartite graph G = (A, B; E) with colour classes
A and B with at most v edges so that Ayiq(u,v) > r(u,v) Vu,v € V?

By checking the proof of Theorem 20 given in [11] we may observe that it
also provides the NP-completeness of the above problem.

Theorem 22. The problem BIPARTITION CONSTRAINED HYPERGRAPH LO-
CAL EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH is NP-complete.



1 Edge-connectivity augmentations of graphs and hypergraphs 23

1.5.5 Augmentation of local edge-connectivity of a hypergraph by
adding hyperedges

In this section we want to augment a hypergraph by adding hyperedges to
satisfy local edge-connectivity requirements. The problem of minimizing the
number of hyperedges is trivial since we can add the whole vertex set as
many times as needed. What we want to minimize is the total size of the
hypergraph to be added, that is, the sum of the sizes of the hyperedges.
More precisely, the local edge connectivy augmentation problem of a
hypergraph by adding hyperedges is the following: Given a hypergraph G
and a symmetric requirement function r : V. XV — Z,, what is the minimum
total size ) ycq |H| of new hyperedges H € H whose addition results in an
r-edge-connected hypergraph?

Recall that R(X) = max{r(z,y) : * € X,y € V — X} and that the
function R(X) — dg(X) is symmetric skew-supermodular. Then the problem
of covering a symmetric skew-supermodular function by a hypergraph contains
this problem as a special case thus Theorem 31 implies the following theorem.

Theorem 23 (Szigeti [31]). Let G be a hypergraph on V and r(u,v) €
Zy Yu,v € V a symmetric requirement function. Then there exists a hy-
pergraph H on V with Y oy [H| < v s0 that Agyw(u,v) > r(u,v) Yu,v € V
if and only if

Y (R(X)—dg(X)) <y VX eS(V). (1.57)
XeXx

1.6 Abstract forms

In this section we present results on ”connectivity” set functions, that gener-
alize the results presented in the previous sections. We start with a generaliza-
tion of splitting off. Let p : 2V — Z be a function and H = (V + s, E) a graph
so that each edge is incident to s. By a complete hypergraph splitting
off we mean a hypergraph H on V such that H covers p and the following is
satisfied:

dy(v) =dg(v) Yo eV. (1.58)

In other words, it is a degree constrained hypergraph that covers p. Note that
there is no restriction on the size of the hyperedges. If we pose the restriction
that each hyperedge must be of size at most two, then we are back to the
definition of the usual complete splitting off.

1.6.1 Symmetric crossing supermodular functions

The problem of covering a symmetric crossing supermodular function can be
considered as a generalization of the global edge-connectivity augmentation
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problem. In this section we present the result of Benczir and Frank on cover-
ing a symmetric crossing supermodular function by a graph (that generalizes
Theorem 17) and then its generalization due to T. Kirdly on covering such a
function by an r-uniform hypergraph (that also generalizes Theorem 19).

Complete uniform hypergraph splitting off

The splitting off results that will solve (together with Theorem 1) the above
mentioned problems are the following. We call the attention to the fact that
in Theorem 24 a hyperedge may contain the same vertex many times and the
size of the hyperedge is meant by multiplicities.

A partition {Vi,...,Vi} of V is called an l-partition. Let r € Z,,
H = (V + s,E) a graph so that each edge is incident to s and r divides
dg(s) and p: 2Y — Z, a set function. An [-partition is called p-full if [ > r
and p(U;c; Vi) >0V0 # I C {1,...,1}. A p-full partition is called deficient
if i_fll > dHf(S). We say that the set function p is positively crossing super-
modular if (1.10) is satisfied if X,Y C V are crossing with p(X),p(Y) > 0.

Theorem 24 (T. Kiraly [26]). Let p: 2V — Z, be a symmetric, positively
crossing supermodular set function, r > 2 an integer, and H = (V 4+ s, E) a
graph so that each edge is incident to s with v divides dg(s). Then there exists
a complete r-uniform hypergraph splitting off if and only if

min{ds (X),dn(s)/7} = p(X) VX C V, (159)
There are no deficient partitions. (1.60)

The special case when r = 2 was proved earlier by Benczir and Frank [6].

Covering a symmetric crossing supermodular function by a graph

As a generalization of the global edge-connectivity augmentation in hyper-
graphs by adding graph edges, Benczir and Frank considered the problem of
covering a symmetric crossing supermodular function by a graph,
namely: Given a symmetric, positively crossing supermodular set function p,
what is the minimum number of edges that cover p?

As a generalization of Theorem 18 they proved in [6] the following result
by applying Theorem 1 and their splitting off result which is the » = 2 special
case of Theorem 24.

Theorem 25 (Bencziir, Frank [6]). Let p : 2V — Z, be a symmetric,
positively crossing supermodular set function. Then there exists a graph on V
with vy edges that covers p if and only if

D> p(X) <29 VX € S(V), (1.61)
Xex

I —1<~ if ap-full l-partition exists. (1.62)
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For a hypergraph G, the function k —dg(X) is symmetric, positively cross-
ing supermodular, thus Theorem 25 implies Theorem 18.

Covering a symmetric crossing supermodular function by a
uniform hypergraph

As a generalization of the problems of covering a symmetric crossing super-
modular function by graph edges and of the global edge-connectivity aug-
mentation in hypergraphs by r-uniform hyperedges, T. Kiraly considered the
problem of covering a symmetric crossing supermodular function by
an r-uniform hypergraph, namely: Given a symmetric, positively crossing
supermodular set function p and v € Zt, what is the minimum number of
hyperedges of size r that cover p?

As a generalization of Theorems 25 and 19 he obtained in [26] the following
result by applying Theorems 1 and 24.

Theorem 26 (T. Kirdly [26]). Let p:2YV — Zy be a symmetric, positively
crossing supermodular set function, 2 < r < |V| an integer. Then there exists
an r-uniform hypergraph on V with v hyperedges that covers p if and only if

> p(X) <ry VX € S(V), (1.63)
Xex
p(X) <~y VX CV, (1.64)
l—=1<(r—=1)y if ap-full l-partition ezists. (1.65)

Note that Theorem 26 implies Theorem 25 (when r = 2) and Theorem 19
(when the function is the deficiency function of a hypergraph).

1.6.2 Symmetric skew-supermodular functions

The problem of covering a symmetric skew-supermodular function can be
considered as a common generalization of many of the preceding problems.
In this section we provide a nice proof of the NP-completeness of the prob-
lem of covering a symmetric skew-supermodular function by a graph (which
we know already since it generalizes the problem of local edge-connectivity
augmentation of a hypergraph by graph edges) while the problem of covering
such a function by a hypergraph is solvable in a certain sense.

Covering a symmetric skew-supermodular function by a graph

The problem of this section can be formulated as follows.

MiINIMUM COVER OF A SYMMETRIC, SKEW-SUPERMODULAR FUNCTION BY
A GRAPH
Instance: A symmetric skew—supermodular function p on V and v € Z™.
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Question: Does there exist a graph on V with at most v edges that covers p?

Note that, as we already mentioned, the NP-complete problem HYPER-
GRAPH LOCAL EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH is a
special case of the problem MINIMUM COVER OF A SYMMETRIC, SKEW-
SUPERMODULAR FUNCTION BY A GRAPH and hence this last one is also
NP-complete, which we prove here in an elegant way. The proof is due to Z.
Kirély [27] and independently to Nutov [30].

Theorem 27. [27] The problem MINIMUM COVER OF A SYMMETRIC, SKEW-
SUPERMODULAR FUNCTION BY A GRAPH is NP-complete.

Proof. [Z. Kiraly] We reduce 3DM to MINIMUM COVER OF A SYMMETRIC,
SKEW-SUPERMODULAR FUNCTION BY A GRAPH. Let ‘H be a 3-uniform hy-
pergraph on V. Let n := |V|. Let p(X) :=11if |X| € {1,2,n —1,n — 2}, or
X € Hor V—X € H and 0 otherwise. It is easy to verify that p(X) is a sym-
metric skew-supermodular set function. The following completes the proof.
There ezists a graph on V with at most 2n/3 edges that covers p if and only if
H contans a 3-dimensional matching. Indeed, first suppose that Hi, ..., H, 3
is a 3-dimensional matching. For each H;, let us choose two edges on V(H;),
and let F' be the union of these edges. Then |F| = 2n/3 and, clearly, F' covers
p. Now suppose that the graph F covers p and |E(F)| < 2n/3. Let Fy,..., F}
be the connected components of F. Since F covers p, |V (F;)| > 3 for 1 <4 <1
thus [ <n/3. Then 2n/3 > |E(F)| >n—1>2n/3sol=n/3 and |V(F;)| =3
for 1 < i < [. Since F' covers p, each F; belongs to H, that is, Fy,...,F; is a
3-dimensional matching. 0O

By the following theorem, which is an easy corollary of Theorem 31, MIN-
IMUM COVER OF A SYMMETRIC, SKEW-SUPERMODULAR FUNCTION BY A
GRAPH can be solved if p(X) is even for every X C V.

Theorem 28 (Szigeti [31]). Let p be a symmetric, skew—supermodular,
“even integer” wvalued function on V. Then there exists a graph on V with
at most y edges that covers p if and only if (1.61) is satisfied.

Proof. To prove the difficult part of Theorem 28, suppose that (1.61) is
satisfied and let p/(X) = p(X)/2. Then, by the assumptions on p, p’ is
a symmetric, skew—supermodular, integer valued function on V. Note that,
since p satisfies (1.61), p’ satisfies (1.13). Then, by Theorem 31, there ex-
ists a hypergraph H on V so that » ;4 |H| < v and H covers p’, that is,
dn(X) > p(X). Let G := (V,UgenEn) where Ey is an arbitrary cycle on
V(H) for each H € ‘H. Then |E(G)| = > ey |EH| = D pgen [H| < v and
de(X) = 2dy(X) > 2p'(X) = p(X), that completes the proof. O

Note that the problem MINIMUM COVER OF A SYMMETRIC, SKEW-
SUPERMODULAR FUNCTION BY A GRAPH contains as a special case : the
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global and local edge-connectivity augmentation in graphs and in hyper-
graphs, the global edge-connectivity augmentation over symmetric parity fam-
ilies, the node to area edge-connectivity augmentation, and the problem of
covering a symmetric crossing supermodular function by a graph.

Covering a symmetric semi-monotone function by a graph

In this section, we mention another special case of the NP-complete problem
MiINIMUM COVER OF A SYMMETRIC, SKEW-SUPERMODULAR FUNCTION BY
A GRAPH, that can be solved in polynomial time.

We call a function P : 2V — Z semi-monotone if P()) = P(V) = 0 and
for each set 0 # X #V, 0 < P(X) < P(X') either for all § # X’ C X or for
all ) # X’ C V — X. We note that a symmetric semi-monotone function is
skew-supermodular.

We consider the problem of Covering a symmetric semi-monotone
function by a graph: Given a graph G = (V, E) and a symmetric semi-
monotone function P on V, add a minimum number Opt(P, G) of new edges
to G to get a covering of P.

We have already seen in Section 1.4.4 that the node to area global edge-
connectivity augmentation problem is a special case of this problem. On the
other hand, any instance of the symmetric semi-monotone function covering
problem can easily be formulated as a node to area global edge-connectivity
augmentation problem. This discussion establishes the surprising equivalence
between two seemingly not closely related problems, showing that these are
two alternative models of the same problem. (see [20], [18])

We have to emphasize that this problem in general is NP-complete because
the function defined in the proof of Theorem 27 is semi-monotone. However,
if the function does not take the value 1, then it can be solved.

Let us define Q(G) := max{} v, q¢(X) : & € S(V)}, where ¢(X) =
P(X) — dg(X). Now we have a lower bound for the optimal value, namely
Opt(P,G) > f%} Usually equality will hold, unless the graph contains a
special configuration.

Since the above defined function ¢(X) is symmetric skew-supermodular,

Theorem 1 and a suitable splitting result [18] provide the solution of the
covering problem.

Theorem 29 (Ishii [20], Grappe and Szigeti [18]). Let G = (V, E) be
a graph and P a symmelric semi-monotone function on V so that P(X) #

1VX C V. IfG contains no configuration, then Opt(P,G) = f%], otherwise
Opt(P,G) = [9L9] 4 1.

2
The definition of the configuration (which is fairly complicated) and a short
proof of Theorem 29 can be found in [18]. Notice that Theorem 29 implies

Theorem 9.
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Complete hypergraph splitting off

For symmetric skew-supermodular functions we have the following splitting
off result.

Theorem 30 (Szigeti [31]). Let p : 2V — Z be a symmetric skew-
supermodular function. Let H = (V + s,E) be a graph so that each edge
is incident to s. Then there exists a complete hypergraph splitting off if and
only if H covers p.

T. Kirdly [25] has recently found a very short proof for a slight extension
of Theorem 30.

Covering a symmetric skew-supermodular function by a
hypergraph

In this section we provide the solution for the problem of covering a sym-
metric skew-supermodular function by a hypergraph, that is, a gener-
alization of the problem of hypergraph local edge-connectivity augmentation
by hyperedges, and that can be formulated as follows: Given a symmetric
skew-supermodular function p, what is the minimum total size o, |H| of
a hypergraph H that covers p?

Theorems 1 and 30 provide the following generalization of Theorem 23.

Theorem 31 (Szigeti [31]). Let p : 2V — Z be a symmetric skew—
supermodular function. Then there exists a hypergraph H on'V with ) ;4 |H|
<~ so that H covers p if and only if (1.13) is satisfied.

Note that only the total size of the hypergraph is guaranteed and no
information is available on the size of the hyperedges. This is not a surprise
in the light of the NP-completeness of the problem MiINIMUM COVER OF
A SYMMETRIC, SKEW-SUPERMODULAR FUNCTION BY A GRAPH. However,
Bernath and T. Kirdly [7] have recently observed that the hypergraph H in
Theorem 31 can be chosen so that each edge except one is of size two. They
also proved that the hypergraph can be chosen so that each edge is of size k
or k+1 for some2<keZ.

1.7 Open problems

In this section we pose some open problems related to (more precisely: gen-
eralizing of) the problems of this paper.
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1.7.1 Graphs

The following open problem, called node to area local edge-connectivity
augmentation and mentioned in [19], is a natural generalization of the node
to area global edge-connectivity augmentation problem: Given a graph G =
(V,E), a family W of sets W C V', and a requirement function r : W xV —
Zy, add a minimum number of new edges to G so that the resulting graph
contains (W, v) edge-disjoint paths from any area W € W to any vertex
vegW.

A result on partition constrained detachment preserving global
edge-connectivity would imply Theorems 15 and 10. To be more precise we
can consider the following problem: Given a graph G = (V + s, E), a partition
P of §(s), a degree specification f(s) and a positive integer k, decide whether G
has an f(s)-detachment that is k-edge-connected in V' and P-allowed (mean-
ing that for each new vertex s;, the edges incident to s; belong to different
members of P).

A characterization of the existence of a partition constrained complete
splitting off satisfiying a requirement function would imply Theorem 14
and also Theorem 12 as it was observed by Frank [17]. Indeed, for a graph G =
(V+s, E), arequirement function 7 : VxV — Z, (r(u,v) > 2Vu,v € V) and
a degree specification f(s) = (d1,...,dp) (d; > 2 Vi), let G’ be obtained from
G by adding p new vertices s1, ..., s, and connecting each vertex s; to s by d;
new edges, let v (u,v) := r(u,v) if u,v € V and 2if {u,v}N{s1,...s,} # 0 and
let P :={V,{s1,...,5p}}- Then G" is a complete r’-edge-connected P-allowed
splitting off of G’ if and only if G” is a r-edge-connected f(s)-detachment of
G.

Note that the complexity of the local edge-connectivity augmentation
problem in a graph with bipartition constraint is not known, however,
as we have seen, the problem BIPARTITION CONSTRAINED HYPERGRAPH LoO-
CAL EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH is NP-complete.

A common generalization of the above two problems is the problem of the
existence of a partition constrained detachment satisfying a require-
ment function.

1.7.2 Hypergraphs

The following problem of global edge-connectivity augmentation in hy-
pergraphs with hyperedges of given sizes is still open: Given a hyper-
graph G and k,dy, ...,d, € Z" decide whether it is possible to add p hyperedges
of sizes di,...,dy to G to get a k-edge-connected hypergraph. More generally
we can consider the problem of covering a symmetric crossing supermodular
function with hyperedges of given sizes. A solution to these problems would
imply Theorems 19 and 24, respectively.
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We may also consider the problem of partition constrained complete
splitting off preserving global edge-connectivity in hypergraphs:
Given a hypergraph G = (V + s, E) such that G is k edge-connected in V
and no hyperedge of size at least three is incident to s, and a partition P of
0(s), decide whether there exists a P-allowed k-admissible complete splitting
off at s. A result on this problem would imply Theorem 14. The bipartite case
was done by Cosh [10].

The following problem of detachment preserving global edge-connec-
tivity in hypergraphs is also open: Given a hypergraph G = (V + s, E) such
that G is k-edge-connected in V and no hyperedge of size at least three is in-
cident to s, and a degree specification f(s), decide whether there exists an
f(s)-detachment such that the resulting hypergraph is k-edge-connected in V.
A result on this problem would imply Theorems 10 and 17. The case of local
edge-connectivity (being a generalization of the problem HYPERGRAPH LoO-
CAL EDGE-CONNECTIVITY AUGMENTATION BY A GRAPH) is NP-complete.

1.8 Appendix

1.8.1 A short proof of Theorem 12

The following short proof is from [34]. Note that, by Menger’s Theorem, G
is r-edge-connected if and only if A7,(X) > 0 VX C V, where hf(X) =
de(X) — R(X). The following basic property of the function h follows from
the facts that dg(X) satisfies both (1.2) and (1.3) and that R(X) is skew-
supermodular, and will be used frequently in this section. For any two subsets
X,Y CV at least one of (1.66) and (1.67) holds. If X UY = V then (1.67)
always holds (with equality).

WL (X) 4+ (V) > h(X NY) + RL(X UY) + 2dg(X,Y),  (1.66)
hE(X) + B (Y) > h(X = Y) + hi(Y — X) + 2dg(X,Y).  (1.67)

Proof of the necessity of Theorem 12

Let G' := (V+{s1,...,Sp}, F) be an r-edge-connected f(s)-detachment of G
at s. By (1.4), applied for X = {s1,...,s,}, (1.22) is satisfied since G'/X =
G. By (1.5), applied for every vertex s; 1 < ¢ < p, (1.23) is satisfied since
G-X=G-s 0O

Proof of the sufficiency of Theorem 12

Wlog. p > 2 and ¢ > 2. We will use induction on z(G) := |V| 4+ dg(s). As
we already mentioned, (1.22) and (1.23) can be reformulated as (1.68) and
(1.69). Note that (1.70) holds.
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hL(X)>0 VX CV, (1.68)
hP(X)>0 VX CV (1.69)
W f(X) = hiy(X) —da(s, X)+¢ VX CV. (1.70)

Lemma 2. We may assume that
every set ) # X C V with hiz(X) =0 is a singleton. (1.71)

Proof. Suppose there exists a set @ with hy;(Q) = 0 and |@Q] > 1. Then let
G = (V E) be obtained from G by contracting @) into a vertex g and let
#(u,v) := r(u,v) if u,v € V—gq, and max{r(w,r) : w € Q} if ¢ € {u,v} where
z = {u,v} —q. It can be verified easily that R(X) = R(X) VX C V, so (1.68)
and (1.69) are satisfied for G and 7. Since |Q| > 1, 2(G) < z(G) and hence, by
induction, G has an #-edge-connected f (s)- detachment G’. We show that the
graph G’ obtained from G’ by “blowing up” @ is r-edge-connected and we are
done. Let X’ C V’. Using that hl. (Q) = h{z(Q) = 0, the skew-submodularity
of hi,, and the fact that if X’ and @ are not intersecting then hAf, (X') > 0
(because if X' C Q then hf, (X') = hf;(X) > 0 by (1.68) and if Q@ C X’ or
QNX' =0 then hi, (X') = hTG,(X’) > 0 since G is -edge-connected) we get
that hi, (X') > 0 as we wanted. O

For T C dg(s), the T-split of G is the (|T],dg(s) — |T|)-detachment G’
of G at s where dg/(s1) =T. For X CV, let e(T, X)=|T N g(X)|.

Lemma 3. There exists T C dg(s) with |T| = 3 if f(s) = (3,3,...,3) and
|T| = 2 otherwise such that the T-split G' of G satisfies (1.72) and (1.73)
where ' (u,v) :=r(u,v) if u,v € V and 2 otherwise and V' =V U s7.

G' is r’-edge-connected in V', (1.72)
G' —s is (r' — (¢ — 1))-edge-connected in V', (1.73)

Proof. Let C be defined as the minimal sets X with hg % (X) = 0.
Claim. (1.72) and (1.73) are equivalent to

hL(X) > 2¢(T, X) — |T| VX C V, (1.74)
e(T,C) > 1 VC eC. (1.75)

Proof. (1.72) is satisfied if and only if 0 < hZ, (X’) VX' C V". Since, for X’ C
V' — 51, hi (X)) = hiy(X) > 0, (1.72) is equivalent to 0 < AL, (X') VX' C V'
containing s; which is, by hfy (X') = hiy(X) — e(T, X) + (|T| — e(T, X)) with
X = X’'—s1, equivalent to (1.74). (1.73) is satisfied if and only if 0 < hg,_f;/(X)
VX C V' not containing s; which is, by hG/_s (X)=hg 2(X)+e(T,X) -1,
equivalent to (1.75). O



32 Zoltan Szigeti
Claim. The following are true for C and for all C' € C :

the sets in C are pairwise disjoint and dg (s, C) > o, (1.76)
IC| € {0,2,3}, if |C| = 3 then f(s) = (3,3,...,3) and h{(C) = 0.(1.77)

Proof. By the skew-submodularity of hg % (X), the minimality of the sets in
C, (1.69), (1.70) and (1.68), (1.76) follows. If X € C, then V — X contains a
set Y € Cso |C| # 1. By (1.76) and d; > 2, [Clp < Y _cce da(s, C) < da(s) =
P di < 32 1[‘1 | =3¢ thus |C| < 3 and if |C| = 3 then each d; = 3, that
is, f( ) = (3, ,3) and VC € C, da(s,C) = ¢, so by (1.70), h,(C) = 0.
O

By (1.77), either |C| = 3 or |C| € {0,2}. If |C| = 3, then, by (1.77),
f(s) = (3,3,...,3). By (1.76), there exists T C (5(;(5) with |T| = 3 that
satisfies (1.75). T also satisfies (1.74). Indeed, by (1.77), (1.71) and (1.76),
da(s,X) > ¢ e(T,X). So, by (1.70), (1.69) and ¢ > 2, hi;(X) > da(s, X) —
p = p(e(T, X) —1) = 2(e(T, X) — 1) = 2¢(T, X) — [T].

From now on |C| € {0,2}.

Claim. There exists T = {su, sv} that satisfies (1.74) and (1.75).

Proof. If |C| = 0, then (1.75) is redundant, and, by Theorem 4(a), t here
is a pair T' = {su, sv} that is A-admissible which is equivalent to (1.74). I
C = {C1,C2}, then, by (1.76), there is a T' = {su, sv} satisfying (1.75). T
also satisfies (1.74). Otherwise, there exists u,v € X C V with hf(X) < 1.
If ChyUCy C X, then, by (1.70), (1.69), (1. 76) hi(X) > da(s, X) <p >
de(s,C1 UCy) — @ > 290 — ¢ > 2, contradiction, so wlog. YV := Cy — X #

(. Since Cy € C, hg %(Y) > 1. Let d := dg(s,Ch N X). Then, by (1.70),
BE(Y) = B2(Y) +da(s,Y) — ¢ > 1+ (da(s, Cr) —d) — 9 = B5(C1) +1—d.
If (1.67) applies for C; and X, then, by (1.68), hi;(X) + he(C1) > h(X —
C1) + hi;(Y) 4+ 2da(X,Ch) > hg(Y) +2d > hi;(Ch) + 1+ d > hi(Ch) + 2,
contradiction. So (1.66) applies for C; and X and Z := C; U X # V. Since
C = {01, 0o}, hli?(Z) = hi?(V — Z) > 1. Then, by (1.70), hiy(Z) =
W2(Z) +dals, 7)o > 1+ (da(s, Cr) +1) — o = W(Ch) +2, 50, by (1.68),
hi(X) + R (Cr) > hi (X N CY) + hi(Z2) > hi(Ch) + 2, a contradiction that
finishes the proof of the claim. 0O

If f(s) # (3,3,...,3), then, by the above claim, we are done. From now on
£(s) = (3,3,...,3). Then dg(s) = 3¢.

Claim. T can be extended to T’ C dg(s) with |T7| = 3 such that T satisfies
(1.74).

Proof. First suppose I'(s) = {u,v}. Since dg(s) = 3¢ and ¢ > 2, wlog.
da(s,u) > ¢+ 1, thus there exists another copy €’ of su. Then, by (1.70)
and (1.69), 7" := T U ¢’ satisfies (1.74). Hence I'(s) # {u,v}. Suppose
indirect that there exists a minimal set M of subsets of V' such that for
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every z; € I'(s) — {u,v} # 0 there exists a set M; € M violating (1.74) for
T" := T U sz. Then, since T satisfies (1.74) and by (1.71), e(T",M;) = 3
so {u,v,%,} € M, and h;(M;) < 2. Clearly, |IM| > 1. By (1.70), (1.69),
hi;(M;) <2 and ¢ > 2, we have |[M| > 2. For M;, M; € M,

hg(Mz — MJ) = 0, (SO7 by (171)7 Ml — Mj = Zl',) (178)
Eg(Mi,Mj) =2, (1.79)
dg(Zi,Mi — ZZ) Z 1. (180)

Indeed, 2 Z hE(Ml),2 Z hE(MJ), hg(Ml N MJ) Z QC(T, Mz N Mj) — |T| Z
2x2—-—2 =2 (by (].74) and {U,U} c M; N Mj), hE(MZ @] MJ) > 3
(by the minimality of M), so (1.66) cannot be satisfied for M; and M.
Then M; and M; satisfy (1.67) implying (1.78) and (1.79). Moreover, since
max{R(z;), R(M; — z;)} > R(M;) and min{R(z;), R(M; — z;)} > 2, we have
implying (1.80).

Case 1 If M = {M;, My}. Then, by (1.70),(1.78),(1.69) and (1.79), 3p =
da(s) = da(s, z1) + da(s, z2) + da(s, My N M) = hi,(z1) — hg %(z1) + ¢ +
hi(z2) — he %(z2) + ¢ + da (s, My N Ms) < 29+ 2 < 3. Thus hg, % (z1) =0,
so z1 € C, that is, (1.75) is violated for T, contradiction.

Case 2 If My, My, M3 € M. Then, by (1.80), (1.78), (1.79), 1 < dg(M3 —
2’3,23) = dG(Ml N MQ,Zg) S dG(Ml,MQ) - dG(Ml N MQ,S) S 2—-2 = 0,
contradiction. The proof of the claim is finished. 0O

Since T satisfies (1.75), so does T” and the proof of Lemma 3 is complete.
O

Let G’ be the T-split of G from Lemma 3. Let us denote the new vertex of
G’ of degree |T| by t. Wlog. dy > do > ... > dp. If d, = |T| then let f'(s) :=
(dy,...,dp—1) otherwise (|T'| = 2,dq > 4) let f'(s) := (d1 — 2,da,...,dp).
Then (G, f'(s)) satisfies (1.72) and (1.73) and z(G") < z(G), so by induction,
G’ has an r-edge-connected f’(s)-detachment G”. Then, in the former case
G”, in the latter case the graph obtained from G” by identifying s; and ¢, is
an r-edge-connected f(s)-detachment of G. oono

1.8.2 A short proof of Theorem 15

I hope that the reader will find interesting the following shortened proof from
[35]. T ask the reader not to be frightened by the technical aspects of the proof
and to make figures to help to understand the proofs. In this section we call
a set X C V tight (resp. dangerous) if d(X) =k (resp. d(X) < k+1). We
will abbreviate k-admissible by admissible. In order to have a more convenient
notation, e € P; will also be denoted by c(e) = j.
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The following easy observations are from [16].

Proposition 1. (a) {su, sv} is admissible if and only if there is no dangerous
set containing u and v.

(b) For any edge su, there exist at most two dangerous sets My and Mo
so that w € My N My and {v : {su, sv} is not admissible} C M; U Ms.

(c¢) For a tight set T, {su, sv} is admissible in G if and only if it is admis-
sible in G/T. O

The following proposition contains some technical remarks.

Proposition 2. (a) d(X) —k > 2d(s,X) —d(s) VX CV where equality holds
if and only if d(V — X) = k.

(b)If k>3 and d(X) < k + 2 then G[X] is connected.

(c) If k is odd, X1, X2, X3 are disjoint tight sets, d(U3_; X;) = k + 2 and

d(X1,X3) =0, then d(X1, X2) = d(X2, X3) = 551

Proof. (a) By (1.34), d(X)—k=d(V—-X)—k+d(s, X) — (d(s) —d(s, X)) >
2d(s, X) — d(s).

(b) For aset § #Y C X, by (1.2) and (1.34), (k+2)+2d(Y, X -Y) >
AX)+2dY, X -Y)=d(Y)+d(X -Y)>k+k >Fk+3, and (b) follows.

(c) By (1.2) and (1.34), Vi € {1,3}, 2k = d(X2) + d(X;) = d(X2 U X;) +
2d(X2,XZ) > k + 2d(X2,XZ), thus, by parity, 2d(X2,X,) < k — 1. Then
3k =Y d(X;) = d(U, X))+, 2d(X, X;) < (k+2)+2(k—1)+0 = 3k,
and (c) follows. 0O

We present now some important properties of Cy- and Cg-obstacles.

Proposition 3. (a) If A is a Cy-obstacle, then d(s, A;) > 1 VA; € A.

(b) If {A1, Aa, A3, Ay} is a Cy-obstacle, then for each set ) # X C A;,
d(V — X) > k + 2 with equality only if d(X) = k.

(c) If {A1,a2,a3,a4} is a Cy-obstacle, then for each set X with X NA; # ()
and ag € X, d(X) > k+ 2.

(d) If {A1, ..., As} is a Cg-obstacle, then for every allowed pair {sz, sy},
G,y contains a Cy-obstacle.

(e) If {A1,as,...,a6} is a Cg-obstacle and, for a set X #V, X N Ay # 0,
ye€ XN(azsUas) and d(X) < k+2, then (el) d(X) =k+2 and (e2) X UA;
1s the union of three consecutive sets in A.

Proof. (a) Suppose wlog. d(s, A1) = 0. Then, by (1.27) and (1.26), d(A4;1, A2)+
d(Ay, Ay) = d(A1) = k, so, since k is odd, wlog. d(A1, A3) > % Then, by
k+k—(k+1)=k—1, contradiction.

(b) Let j :=i+2if i < 2 and j := ¢ — 2 if ¢ > 3. Then, by (1.34),
Proposition 3(a), (1.28) and (1.29), k+2 < d(X)+2d(s, 4;) = d(X) — (d(;) -
d(s, A7) + %) 4 d(s, A;) = d(V — X) and (b) follows.
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(c) If ag,aq ¢ X, then, by X N Ay # 0, (1.34),(1.26) and (1.27), d(X)
d(XNAy)+d(as) =k+k>k+2. If ag,a4 € X, then, by Proposition 3(b),
d(X) > k + 2. Otherwise, wlog. az ¢ X and as € X. By Proposition 3(b
d(X U Ay) > k + 2. Then, by (1.2) and (1.34), d(X) > d(X N A1) + d(X U
A))—dA) > k+(k+2)—k=k+2.
2d(A;, Ajv1) = k+k—(k—1) = k+ 1. Then, since {sz, sy} is admissible,
y ¢ As U Ag by Proposition 1(a). {sz, sy} is allowed so, by (1.33), y ¢ A,.
Thus wlog. y € Az. Then {A; UAyU A3z, Ag, As, Ag} is a Cy-obstacle in G .

(e) Let X* := X U Ay. By (1.31), dg—s(X*) > k — 1 where equality
holds if and only if X* is the union of 2 < [ < 6 consecutive sets in .A. By
Proposition 2(a), d(s,X) < 4, by (1.32), d(s,4;) = 1 and d(s,V) = 6 so
X* £ V. By (1.30), d(A1) = k, by X N Ay # 0 and (1.34), d(X N A1) > k, so
by (1.2), (k+2)+k > d(X) 4+ d(A1) > d(X NAy) +d(X*) > k+d(X*), so
k+2 > d(X*) and if equality holds then d(X) = k + 2. Then, by Proposition
2(b), G[X*] is connected. Since dg_s(y, A1) =0, X' := X — (y U Ay) # 0.
Then k+2 > d(X*) =d(s, X*) + dg—s(X*) > d(s,y) + d(s, X)) +d(s, A1) +
do_s(X*)>14+14+14(k—1),s0 d(X*) =k + 2 and hence d(X) = k + 2
(implying (el)), d(s, X') =1 and dg_s(X*) = k— 1, thus (e2) is satisfied. O

The following lemma will allow us to easily find an allowed pair. The main
difficulty of the proof of Theorem 15 will be to show that there exists an
allowed pair whose splitting off creates no C4- and no Cg-obstacle.

Lemma 4. If G contains no Cy-obstacle and (1.37) is satisfied then each edge
su belongs to an allowed pair.

Proof. Let S := {sv € E : {su, sv} is admissible}. Suppose su belongs to no
allowed pair. Then every sv € S and su belong to the same P;. Then, by (1.37),

) > 1Py > (8] 41,50 |S] < % — 1 and if equality holds then %2 = |P;|.
It also follows, by Proposition 1(b), that there are at most two dangerous sets
M; and M so that w € My N My and {v; : sv; € 6(s) — S} C M; U M.
In fact there are exactly two, because, by Proposition 2, d(My U M) — k >
2d(s, My U M) — d(s) = 2(d(s) — |S|) — d(s) > d(s) — 2(@ —1)=2, and if
equality holds then d(V — My U M,) = k and |S| = %22 — 1. The following
claim provides a contradiction.

Claim. {A] = M1 ﬁMg,AQ = M1 — Mg,Ag =V - M1 UMQ,A4 = M2 _Ml}
forms a C4-obstacle.

Proof. Note that A; # 0 1 <i < 4 and U}_;A; = V. By (1.2), (1.34) and
d(M1 @] MQ) > k+2, 2(k + 1) > d(Ml) + d(Mg) = d(A1) + d(M1 @] Mg) +
2d(M1, Mg) Z k+(k+2), SO d(Al) = k,d(MluMz) = k+2 and hence d(Ag) =
k and d(;) = |P}| so (1.28) is satisfied, and d(As, As) = d(My, M) = 0. By
k+l€+2d(A1,A3)+2d(A1, S) Z 2k+0+27 SO d(AQ) = d(A4) = k, d(Al, Ag) =0
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and d(s, A1) = 1. It also follows that 6(A; U A3) Nd(s) = Pj, so (1.26), (1.27)
and (1.29) are satisfied. This completes the proof of the claim and also of
Lemma 4. O

Proof of the necessity of Theorem 15

Suppose there exists a graph that has a complete allowed splitting off
e, fi} 1< < dGT(é)} and violates (1.37) or (1.36). Choose such a graph G
with dg(s) minimum. For every 1 <14 < dGT(S), 1<j<r|Pin{e, fi}| <1lso
(1.37) is satisfied, whence G contains a Cy4- or a Cg-obstacle. By Proposition
3(a) and (1.32), dg(s) # 0. Then, either by (1.28) and (1.29) or by Proposition
3(d), Ge, s, contains a Cy-obstacle, G, , has of course a complete allowed
splitting off, and dg,, , (s) < dg(s), contradiction. O

Proof of the sufficiency of Theorem 15
Induction on |V|. By Proposition 1(c), we may assume that
every tight set is a singleton. (1.81)

Wlog. |P;| is maximum. By Lemma 4, there is an allowed pair {e = sz, f = sy}
with sz € Py. If, after splitting off this pair, we get stuck by a Cg-obstacle,
then we can get rid of it by the following lemma.

Lemma 5. Suppose that G’ := Ge,; contains a Cg-obstacle A = {A1,..., Ag}.
Then there exists an edge f' = sy’ such that {e, f'} is allowed in G and
G" = G,y satisfies (1.34), (1.37) and (1.36).

Proof. The suitable 3’ will be chosen as follows: Wlog. z € A;. Then, by
(1.30) and (1.81), A; = a; ¥ 2 < j < 6. By (1.33), c(sa3) # c(sas) so either
c(saz) # 1 in which case let ¥’ := a3 or c¢(sas) # 1 and then let 3 := as.
We show that 3’ will do. For each set X with x,y’ € X # V, by Proposition
3(e), k+2 < dg(X) < dg(X), so by Proposition 1(a), {e, f'} is admissible
in G, thus G” satisfies (1.34). Since c¢(sx) = 1 # c(sy’), G” satisfies (1.37)
and {e, f'} is allowed in G. It remains to show that G’ satisfies (1.36). Since
xy € E(G"), either Case a: y € Ay or Case b: wlog. y € As. In both cases we
suppose indirect that G” contains a Cy- (Case 1) or a Cg-obstacle (Case 2)
A

Case a: Wlog. ¢ = a5 and « € A. Suppose y' ¢ A}. By (1.30), k+ 2 =
de (A1) +2 = dg(4;1). By (1.26) or (1.30), dg(A4)) = k and then, by (1.81),
|A}] = 1 VA, € A'. Hence |[V| = 4 or 6. But |V| > 6 because G’ contains
the Cg-obstacle A, so |[V]| = 6. Thus A} = A; and hence k = dgr(A]) =
dgr (A1) = da(A7), contradiction. Thus y' € A and dg(A4]) = k + 2. Since
de(A}) < dg(A}), A} U Ay is the union of three consecutive sets in A by
Proposition 3(e).
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Case al: Then 3 = |V — (A1 U A})| < |V — A =3 by (1.81) so 4; C 4
thus, by (1.31), wlog. A’ = a; 2 < j < 4. By (1.33) for A, there is a w € A;
with ¢(sw) = ¢(saq) but w € A} and a4 € A}, contradiction by (1.29) for A’.

Case a2: Then ag € A}. Wlog. A} = a4 and A5 = as. Then, by (1.33) for A
and A, ¢(sa3) = c¢(sag) # c(sas), contradiction, and we are done in Case a.

Case b: Then, by (1.30) and (1.81), A; = a; so |V] = 6.

Case b1l: Since dg~(s,y’) = 0, wlog. z,y’ € A} and dg(A}) = k + 2. Since
de (A) < dg(A}), de(A}) = k+2 and A} U A; is the union of three consec-
utive sets in A by Proposition 3(e). Then dg/(A}) = dg(A}) so ¥’ = as. Thus
A} = {as,a6,a1}. Wlog. A% =a; 2 < j <4 by (1.31) for A and (1.27) for A".
By (1.33) for A, c(sa1) = c(say), contradiction by (1.29) for A’

Case b2: Note that, by (1.32), dg(s,a1) = dg(s,a2) = 2 and dg(s,ap) =
1 (3 < h <6). Then dg~(s,as) = 2 that is, by (1.32), a contradiction, and we
are done in Case b, and the proof of Lemma 5 is complete. O

The following lemma allows us to get rid of a Cy-obstacle if during the
splitting off we get stuck with one.

Lemma 6. Suppose that G’ := G ; contains a Cy-obstacle A = {A1, Ay, A3,
Ay}, Then there exists an allowed pair € = s/, f' = sy’ in G such that
G" .= G g satisfies (1.34), (1.37) and (1.36).

Proof. Wlog. x € A;. Since xy € E(G’), either Case a: wlog. y € Az or Case
b:y € A1. By (1.26) and (1.81), A; =a; V2 < j <4, in Case a: A; = a; so
|V| =4 and in Case b: dg(A41) =k + 2.

Case a: We chose ¢’ and f’ as follows. If there exists an edge ¢ = saz with
c(g) # c(e) then let €' := ¢, f’ := g. Otherwise, since A is not a Cy-obstacle in
G, there is an edge h = saj with c(h) # c(e) and then let €’ := sas, f’ := h. We
show that this pair will do. Note that {z’,3'} = {a1,as}. For each set X with
'y € X #V, either X = {a/,y'} and then, by (1.26) and (1.27), dg(X) =
dg(ar) +dglas) =k+k>k+2or,by X #V, Ji € {2,4} X = {a1,a3,a;}
and then, by Proposition 3(b), k + 2 < dg/(X) < dg(X). In both cases,
by Proposition 1(a), {¢/, f'} is admissible in G, thus G” satisfies (1.34). Since
c(e’) = c(e), G satisfies (1.37) and {¢’, f'} is allowed in G. It remains to show
that G”' satisfies (1.36). Suppose not. Then, since |V| = 4, G" contains a Cy-
obstacle A" := {4, A}, A5, A} }. Since ajas € E(G"), wlog. AU AL = a1 Uag
and A5UA) = azUay. By Proposition 3(a), dg (s, A}) > 1sodg(s, A;) > 2i €
{1,2}. By (1.28) and (1.29) for A in G’, there exist 1 <! <r and j € {1,2}
such that for every edge sd € E(G') with d € A; U Aj 2, ¢(sd) = I. Then
there exist sdy, sde € E(G") with dy € Aj,dy € Aj2 and ¢(sdy) = ¢(sdz) = 1.
This contradicts (1.29) for A’.

Case b: Either we reduce this case to a case already seen or we show that
the following edge pair €', f’ will do. Let g := sasz. If ¢(g) # c(e), then let

e/ := e and f’ := g, otherwise, let ¢/ := g and f’ := f. Since c(e’) = c(e),
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G" satisfies (1.37). By Propositions 1(a) and 3(c), {¢/, f'} is admissible in
G, so allowed in G and (1.34) is satisfied. If G” satisfies (1.36), then we are
done. Otherwise, either G” contains a Cg-obstacle, and then, by Lemma 5,
we are done, or G' contains a Cy-obstacle A" := {A}, A}, A%, Ay}, Wlog.
a',y" € Al, otherwise restarting the proof by e and f’ we are in Case a.
Then, by (1.26) and (1.81), [A}[ =1V 2 < j < 4 and dg(A47) = k + 2. By
Proposition 2(b), G[A]] is connected, so, by (1.27), wlog. V — a4 C A} U A;.
First suppose that A} U A; = V. Then, by Propositions 3(b) applied for G,
de(A)) = k+2and k = dg/ (V — AY). The common edge of {e, f} and {¢’, '}
enters AjNAY, sodg (V—A%) = dg(V—A)) thus, by (1.81),1 = |[V—A}|(= 3),
contradiction, so A] U A; =V — ay4. Then, by Proposition 3(b) again applied
for G', dg/ (A} UA1) > k+2. Then, by (1.2) and (1.34), dg(Aj N A1) = k thus,
by (1.81), |A} N A;| =1, say A} N Ay = a;. Then it follows that |V| = 6, say
V = {a1,aq9,...,as}. Note that dg(a;) = k 1 < i < 6. By Proposition 3(a)
for A and for A, 1 < dg(sa;) 1 <i <6506 < dg(s). The following claim
provides a contradiction.

Claim. {ay,as,...,a} forms a Cg-obstacle in G.
Proof. We start with some structural observations.

Proposition 4. (a) Ay = {a1,as5,a6}, 4; = a; 2 < i <4, A} = {a1, a9, a3},
wlog. AL = ag, A = a5, A, = a4, (b) dg(a1,a2) = dg(as,a3) = dg(ai,a6) =
da(as,ae) = 552, (¢) {z,y} = {a1, a5}

Proof. We know that A] = {a1,as, a3} and A; = {a1, as,ag}. Then, by (1.27)
for A, dg(a1,a3) = 0 so, by Proposition 2(c), dg(a1,a2) = dg(az,as) = %1
Wlog. A} = ag. Suppose that A} = as. Then, by (1.27) for A’, dg(as,ag) =0
so, by Proposition 2(c), dg(a1,a5) = dg(a1,a6) = %51, Then k = dg(ar) >
da(a1,a2) +de(ar, as5) +da(ar, a) +dg (a1, s) > 3552 +1, that is k < 1, con-
tradiction. Thus A = a4 and A5 = a3, that is, (a) is satisfied. Then, by (1.27)
for A', dg(ay,as) = 0 so, by Proposition 2(c), dg(a1,a6) = dg(as,as) = %
and (b) is satisfied. By definition, {z,y} N {«/,y'} = a1, so a1 € {z,y}.
Suppose a5 ¢ {x,y}. Then {z,y} = {ai,a6}. By (1.2), (1.30) and (b),
dG({al,QG}) = dg(al) + dg(aﬁ) - QdG(a1,a6) =k+k-— (k - 1) =k+ 1,
hence, by Proposition 1(a), {sz,sy} is not admissible in G, contradiction,
thus (c) is satisfied. O

By (1.29) for A’, c(saz) # c(sas) so dar (A1 U Ag) Ndgr(s) = P/ in (1.29)
for A for some [ with |B| > |P/| = %aglsd — de(s) _ 1 By (1.29) for A,
c(sag) # c(sayq) so dgr (AL U AL) Nogr(s) = Py in (1.29) for A’ for some I’
with |Py| > |P]| = dG’T'(S) = dGT(S) — 1. In particular, ¢(sas) = c(sas) = '
By (1.29) for A, | = c(sag) # c(saz) = I’ thus, by Proposition 4(c), e = ¢’ =
say, f = sas, f' = sas. Since {e, f} and {€’, f'} are allowed, [ # 1 # I’. Then,
by the maximality of Py, |P1| > |P| > 99 —1. dg(s) > |P1| + |P| + |Py| >
3(dGT(S) — 1), that is, dg(s) < 6. Then dg(s) = 6 and |P1| = |B| = |Pv| = 2,
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namely P; = {sa1, sas}, P, = {sags, sag}, Py = {saz, sas}, so (1.32) and (1.33)
are satisfied. We have already seen that (1.30) is satisfied. By (1.26) and (1.27)
for A’ and for A, Proposition 4(b) and (1.32), dc(as, as) = 551 = dg(as, aq).
Then, by Proposition 4(b), (1.31) is satisfied. This completes the proof of the
claim and also of Lemma 6. O

By Lemmas 4, there exists an allowed pair, and then, by Lemmas 5 and
6, there exists one that does not create a C4- or Cg-obstacle, so by induction,
there exists a complete allowed splitting off and Theorem 15 is proved. OO
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topic.
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