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Abstract

Following Gerards [1] we say that a connected undirected graph G is a Seymour
graph if the maximum number of edge disjoint T-cuts is equal to the cardinality of a
minimum T-join for every even vertex subset T'C V(G). Several families of graphs
have been shown to be subfamilies of Seymour graphs (Seymour [4][5], Gerards [1],
Szigeti [6]). In this paper we prove a characterization of Seymour graphs which was
conjectured by Seb6 and implies the results mentioned above.

1 Introduction

Graphs in this paper are undirected connected and may have loops and multiple edges.

Let G be a graph. For F' C E(G) and z,y € V(G), we write zy € F' if some edge of
G with endpoints x and y is in F.

For X C V(G), the cut §(X) is the set of edges connecting X and V(G)\ X, N(X) =
{v € V(G)\ X : v has neighbors in X}. If X = {z} we write §(x), N(x). For F C E(G)
and v € V(G), denote dp(v) = |{e € F': eisincident to v}|. A pair (G,T) where T is
an even subset of V(G) is called a graft.

Let T be an even subset of V(G). If | X NT| is odd the cut §(X) is called the T-
cut. A set of edges F' C E(G) is a T-join if v € T' < dp(v) is odd. Let v(G,T') denote
the maximum number of edge disjoint T-cuts and 7(G,T") the cardinality of a minimum
T-join in G.

Since every T-join meets every T-cut,

v(G,T) <7(G,T). (1)

The simplest example of a graft for which (1) holds with strict inequality is (K4, V (Ky)).
However, several families of graphs satisfying (1) with equality for every even vertex
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subset 1" have been found. These are bipartite graphs (Seymour [5]), series-parallel
graphs (Seymour [4]), graphs containing neither an odd K4 nor an odd prism (Gerards
[1]). The last family contains bipartite and series-parallel graphs.

Following Gerards [1], we call a graph G a Seymour graph if (1) holds with equality
for all even subsets T' C V(G).

Recently Szigeti [6] refined the Gerards’ result having proved that a graph is a Seymour
graph if it does not contain neither an odd K4 nor an odd prism which are not Seymour
graphs. Seb6 (unpublished) conjectured a necessary and sufficient condition for a graph
to be a Seymour graph. His conjecture is stated in terms of conservative weightings and
implies the Szigeti’s result (and whence other results mentioned above).

Let G be a graph and w : E(G) — {—1,+1} be a £1 valued weighting defined on
edges of G. The weighting w is called conservative if G has no cycle of negative total
weight (a loop is considered as a special case of cycle). For any F' C E(G), the weighting
wr is defined by the equation:

wele) i ~1 ifeeF,
A7 41 ifeg F

The following observation (Mei Gu Guan’s lemma [3]) reveals a one-to-one correspon-
dence between conservative weightings and T-joins of minimum cardinality:

F is a T-join of minimum cardinality if and only if W is a conservative weighting.

A conservative graph is a pair (G,w) in which G is a graph, w is a conservative
weighting of G. For any conservative graph (G,w), denote E~(w) = {e € E(G) :
w(e) = —1} and T(w) = {v € V(G) : dg-(w)(v) is odd}. From now on we assume that
E~(w) # 0.

Given a conservative graph (G, w), a cycle C' of G is called a 0(w)-cycle if the total
weight of the edges of C' is equal to zero. A graph G is an odd K, if it is a subdivision
of K4 such that each cycle bounding a face of G has an odd length. A graph G is an odd
prism if it is a subdivision of triangular prism such that each cycle bounding a triangular
face of G has an odd length while each cycle bounding a quadrangular face has an even
length.

Conjecture (Sebd). A graph G is not a Seymour graph if and only if there exist a
conservative weighting w and 0(w)-cycles C;, Cy such that the graph C; U Cy is either
an odd K, or an odd prism.

The conjecture implies that the class of Seymour graphs belongs to co-NP. The ’if’
part of the conjecture was shown to be true by Sebd (unpublished). Section 3 of this
paper presents a proof of the ’only if” part modulo Lemma 1. In the next section we state
basic known results needed in the proof of the conjecture. Sections 4 — 5 are devoted to
the proof of Lemma 1.



2 Background

In this section we present basic known results to which we will refer further. To do this
some extra notation and definitions are needed.

A graph G is called I-extendable if each edge of G lies in a perfect matching. A
subdivision of a graph G is said to be even if the number of new vertices inserted in every
edge of G is even. Clearly, any even subdivision of K (respectively, of triangular prism)
is an odd K, (respectively, an odd prism).

The first result is an easy consequence of Theorem 5.4.11 in [2].

Theorem 1 (Lovasz) Let G be a I-extendable non-bipartite graph. Then G contains

an even subdivision of either K4 or triangular prism.
(I

Let (G,w) be a conservative graph. For any z,y € V(G), denote by Ay (x,y) the
length of a shortest path connecting x and y with respect to the edge length function
w. For z € V(G), let m = m(z) = min{A\y(z,v) @ v € V(G)}, M = M(x) =
max{\w(z,v) : v € V(Q)}, Vi=Vi(z) ={v e V(Q) : \n(z,v) =i}, G' = Gi(z) =
GlUi_,, V7], G' = G — E(G[V7]). Let further D' = Di(z) be the collection of vertex sets
of components of G* and Q' = Ql(x) be the collection of vertex sets of components of
Gi. Set D=D(z)=UM", D', Q= Q(z) =UM, Q" and R=R(z) =DU Q.

The assertions of the second theorem are special cases of Theorem 4.4 and Lemma
5.7 in [3].

Theorem 2 (Sebd) Let (G,w) be a conservative graph. Let x € V(G), m = m(x) <0
and D € D™ (x). Denote by r € D the endvertez of the edge in 6(D) N E~(w) and by w’
the weighting w|gp). Then

(s1) if vu € E=(w), Aw(z,v) = Ay(z,u) = i, then v and u are in different elements of
Q' (i.e. in different components of G');

(s2) |5(R)NE~(w)| =1 ifz &R € R(x),
6(R)NE~(w)| =0 ifz € R € R(z);

(s3) for anyv € D, A\y/(r,v) = 0.
O

Let G be a graph and P = {X,..., X;} be a partition of V(G). Denote by G(P)
the graph with the vertex set P and the edge set E(G), which is obtained from G by
shrinking every subset X € P into a single vertex. For X C V(G), denote by m(X) the
partition of V(G) consisting of X and |V(G) \ X]| singletons.

We will use the following easy consequence of Theorem 2.

Corollary 1 Suppose that the assumptions of Theorem 2 hold. Then
(11) G[D] is factor-critical;



(12) (G(m(Ng(D))),w) is a conservative graph.

Proof. Note first that E~(w) forms in G[D \ {r}| a perfect matching. Indeed, for
any v € D, since {v} € Q™ and m < 0, it follows from (s2) that |d(v) N E~(w)| = 1.
Combining this with [§(D) N E~(w)| = 1, we get the statement.

Using this and (s3) of Theorem 2 we have that, for each v € D, there exists an
alternating (with respect to £~ U E(G[D])) path of even length connecting r with v in
G[D]. Hence G[D] is factor-critical.

Now let A = Ng(D) and G' = G(n(A)). Note that by (s1) of Theorem 2 for each
R € R, either A C R or ANR = (0. Hence shrinking A into a vertex would not
change the set of cuts M = {6(R) : R € R}. Any cut M € M contains at most
one edge of E~(w), each edge e € E(G’) belongs to at most two members of M and
each edge e € E~(w) belongs to exactly two members of M. Let us show that this
provides the conservativeness of (G, w). Consider the edge set C' of a cycle in G’. Let
My, ..., My, be the members of M meeting C. Then by above, >F | [CNM;NE~(w)| < k,
SF L ICNMNE~(w)| = 2|CNE~(w)| and F_, |CNM;| < 2|C|. Since F_, |CNM;| > 2k,

we obtain |C| > 2|C'N E~(w)]. -

3 The main result

Let (G,w) be a conservative graph. Denote by II(G, w) the set of partitions P of V(G)
such that (G((P)), w) is conservative. Denote by II*(G, w) the set of roughest partitions
in II(G, w). Clearly, II(G,w) D II*(G, w) # () for any conservative graph (G, w). We say
that a partition P is tree-like if G(P) has no cycles consisting of more than two edges.
Note that if P € II*(G,w) is tree-like then E~(w) induces a spanning tree of G((P)).
Moreover, it is clear that if II(G, w) contains a tree-like partition then so does II*(G, w).

In the following theorem Sebd (private communication) proved (b)==-(c) and conjec-
tured (¢)==-(a) and (c)==(b). The equivalence (a)<=(c) (as well as (b)<=-(c)) means
that the class of Seymour graphs belongs to co-NP.

Theorem 3 Let G be a undirected connected graph. The following conditions are equiv-
alent:

(a) there exist a conservative weighting w and 0(w)-cycles Cy, Cy such that the graph
C1 Uy is either an odd K4 or an odd prism;

(b) there exist a conservative weighting w and 0(w)-cycles Cy, Cy such that the graph
C1 U Cs is non-bipartite;

(c) G is not a Seymour graph;

(d) there exists a conservative weighting w such that II*(G,w) contains no tree-like
partition.



Proof. We shall prove (a)=(b)=-(c)=(d) =(a).
(a)==(b). Obvious.

(b)==(c). Suppose to the contrary that G is a Seymour graph. Let C' be an odd
cycle of H =C1UC,. Set T'= {v € V(G) : dg-(v) is odd}, where E~ = E~(w). Let
{D1,...,D,} be a collection of edge disjoint T-cuts of G with v = v(G,T). Since G is a
Seymour graph, every edge which is contained in some 0(w)-cycle is contained in some
cut D;. Consequently, E(C) C U7_, D;. But |E(C)N D;|is even for all i =1,...,v. It
follows that |E(C')| is even, a contradiction.

(c)==(d). Obvious.

(d)==(a). The proof relies on the following lemma which is to be proved in the remain-
der of the paper.

Lemma 1 Let G be a connected graph and X C V(G) be a cut set of G. Suppose that
D is the vertex set of a factor-critical component of G — X such that N(D) = X. If
G(n(X)) — D satisfies the condition (a) of Theorem 3 then so does G.

Suppose that the implication does not hold and a graph G is a counterexample with the
minimum number of vertices. That is

G satisfies (d) but does not satisfy (a) (2)
and
(d) = (a)  for each graph H (3)
with [V(H)| < |[V(G)].
Obviously,

[E™(w)| = 2. (4)

Claim. Let X C V(G) and n(Ng(X)) € II(G,w). If X induces a factor-critical
subgraph of G then X U Ng(X) = V(G).

Assume that V(G) \ (X U Ng(X)) # 0 and X has the minimum cardinality among all
sets satisfying this property.

Denote H = G[X], A= Ng(X) and G' = G(w(A)) — X.

Note that G’ does not satisfy (d) for otherwise by (3) it satisfies (a) and, consequently,
by Lemma 1, so does G itself. Hence IT*(G’,w’) contains a tree-like partition P =
{X1,..., X}

If E=(w') = 0 then for any v € V(G) \ (AU X), (G(r(Ng(v))),w) is conservative.
By the minimality of | X]|, it follows that |X| = 1 which contradicts (4).



Let E~(w') # (. In an end vertex X; of G'(P) not containing A, choose v € X;
incident to the edge e € E~ N §(X;). Then (G(r(Ng(v))),w) is conservative, and we
have | X| = 1 again. Hence {X7,..., Xy, X} is in II(G, w) and tree-like, a contradiction.

Let = be a vertex incident to E~(w). Consider D € D™(x), where m = m(z). By
Corollary 1 and Claim 1, G[D] is factor-critical, DU Ng(D) = V(G), and E~(w) forms a
perfect matching in G[{z} U D]. Since x was chosen arbitrarily from 7'(w), we conclude
that G[T'(w)] is bicritical. By (4) and by Theorem 1, G contains an even subdivision
H of either K4 or triangular prism. But the edges of H can be partitioned into three
matchings M, M, and M;3 so that M; U My and M; U M3 are hamiltonian cycles in H.

Thus G satisfies (a) with w = wy,, a contradiction. -

4 Preliminary observations
In this section we state several easy observations to be referred to in the proof of Lemma 1.

Proposition 1 Let G be a graph and F C E(G). If F' is a matching G then wg is a

conservative weighting.
O

Proposition 2 Let G be a graph and w be a weighting of G. The weighting w is con-

servative if and only if the weighting W |g(py is conservative for every block B of G.
O

Proposition 3 Let G be a graph. If w is a conservative weighting of G(m (X)) for some

X CV(G) then w is a conservative weighting of G.
O

Denote by O; and O, the sets of odd Ky-s and odd prisms respectively. Let Of,

k = 1,2, denote the subset of Oy, of the corresponding even subdivisions. Set O = O;UQOs,
O° =07 U 0s.

Proposition 4 If a graph G has a subgraph H € O° then G satisfies the condition (a)

of Theorem 3.
O

Proposition 5 Let G € O° and f € E(G). Then there exists a perfect matching M
such that f € M and G is the union of two 0(wyy)-cycles. Moreover, if f is incident to
a vertex of degree 3, then M and 0(wyy)-cycles can be chosen in such a way that f lies

on both the 0(wyy)-cycles.
(]

Proposition 6 Let G € O and let ey, ey be adjacent edges of G. Then G has an even
cycle passing through e and es.



O

Proposition 7 Let G € Oy and let u € V(G) be a vertex of degree 3. Then G has
three disjoint paths of the same parity connecting u with some verter v € V(G). If, in
addition, G € Of then G has three disjoint paths of odd length connecting uw with some
vertex v € V(G).

(]

5 Proof of Lemma 1

Let w be a conservative weighting of G = G(n(X)) — D and let Cy, Cy be 0(w)-cycles
such that H = C; UC, € O. Let H (vespectively, Cy, k = 1,2) be the subgraph of G
spanned by the edges of H (respectively, Cy). Since | X NV (H )| <1 implies H = H, we
may assume that |[X NV (H)|=1€{2,3}. Let XNV (H) ={v1,...,u}. Let fi € E(G),
k=1,...,1, be an edge connecting v, with some u; € D. Let B be the block of G(7(X))
containing D. Since G[D] is factor-critical, B has perfect matchmgs Fy, C E(B) such
that fy € Fi, k=1,...,1. Let S be the subgraph of B spanned by Ui, Fr and S be its
component containing X NV(H). Let S be the subgraph of G spanned by E(S).

Case 1: [ =2.
Then S is an even cycle so that S is an even path whose ends are v; and vy. Let
M = Fy N E(S). Set

w(e) if e € E(G),
wie):=¢ -1 ifeeM, (5)
+1  otherwise.

By Propositions 1 and 2, w* is a conservative weighting of G(7(X)) and, consequently,
by Proposition 3 it is that of G. Since S is an even path, H U S belongs to O. Note that
HUS=C,UC;US. We may have that either C';, C5 are both paths or exactly one of
them, say (1, is a path while C5 is a cycle. If we have the former then C; U S and CoU S
are the desired 0(w*)-cycles, otherwise C; U S and Cy are those.

We assume further that [ = 3. It follows that exactly one vertex v;, say vs, is incident
to an edge which is contained in both cycles C; and Cs. In other words, X NV (Cy) =
{vk,v3}, k =1,2.

Case 2: | =3 and S is bipartite.
Let us show first that S has three disjoint paths Py, kK = 1,2, 3 of odd length connecting
v, with some v # v, k = 1,2,3. Indeed, let Ry, k = 1,2, denote the path consisting of
edges in Fj, U F3 and connecting v, with v3. Choose the first vertex v on Ry which lies
on R;. Define P, k = 1,3, to be the subpaths of R; connecting v with v, and P, to be
the subpath of Ry connecting v with vy . By construction, P are pairwise disjoint and



have odd length. Now let Q) = P, U P, U P3. The matching M = F3 N E(Q) covers all
the vertices of () except v; and vy. Define w* by the equation (5. Again, by Propositions
1, 2 w* is a conservative weighting of G(m(X)), and whence by Proposition 3 it is that
of G. Furthermore, we have that H U ) belongs to O being the union of 0(w*)-cycles
C1UP1UP3 andC’QUPQUPg.

Case 3: [ =3 and S is non-bipartite.

Note that S is 1-extendable. By Theorem 1 it follows that S has a subgraph Q € O¢.
Let Q be the subgraph of G' spanned by F(Q). Note that V(Q) N X C {vy,vy,v5}. If
IV(Q)N X| < 1then Q = Q and the conclusion obviously follows. If [V(Q) N X| = 2, we
obtain the desired conclusion using Propositions 4, 6 and the argument of Case 1. Thus we
may assume further that V(Q)NX = {vy, v, v3}. By Proposition 5 there exists a perfect
matching M of () and 0(wnr)-cycles Dy and D, such that f3 € M, f3 € E(Dl) N E([)Q)
and Q = Dy U D,. Let Dy, k = 1,2, be the subgraph of G spanned by E(D;). Note that
V(Dk) NnNX = {Uk,Ug}, k= 1,2

Subcase 3.1: Q € 0.
By Proposition 7 () contains three disjoint paths Py, k = 1,2, 3, having odd length and
such that Py connects vy with some v € V(Q), v # v, k = 1,2,3. It remains to apply
the argument of Case 2 arriving at the same conclusion.

Subcase 3.2: Q € 05, He 0,

By Proposition 7 H contains three disjoint paths Py, k = 1,2, 3, of the same parity and
such that Py connects vy with some v € V(H), v # v, k = 1,2,3. If P are odd, the
desired conclusion is obtained by repeating the argument of Case 2. So we may assume
that P, have even length. For k = 1,2, let M}, be the maximum matching of P, covering
v and let M3 be the maximum matching of P3 covering v. Now M’ = M U M; U MU M3
is a matching of G and whence, by Proposition 1, wj, is a conservative weighting of G.
It is straightforward to check that Q U P, U P, U P; € O and can be expressed as the
union of 0(wyy)-cycles Dy U Py U Py and Dy U Py U Ps.

Subcase 3.3: Q € 05, H € 0.
Note first that H U @ is an odd prism. Define w* by the equation (5. By Propositions
1, 2 w* is a conservative weighting of G(m(X)) and thereby by Proposition 3 it is that of
G. Finally, H U Q is the union of 0(w*)-cycles D; U Cy and Dy U Cy, as desired. O
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