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Abstract

Edmonds (1973) characterized the condition for the existence of a packing of spanning arborescences
and also that of spanning branchings in a directed graph and gave polynomial-time algorithms to find
such packings if they exist. Durand de Gevigney, Nguyen and Szigeti (2013) generalized the first problem
and solved the matroid-based arborescence packing problem.

In this paper, a generalization of this latter problem - the polymatroid-based arborescence packing
problem - is considered. Two problem settings are formulated: the unsplittable version and the splittable
version. The unsplittable version is shown to be strongly NP-complete. Whereas, the splittable version,
which generalizes the capacitated version of the spanning arborescence packing problem, can be solved
in strongly polynomial time. Actually, a strongly polynomial time algorithm for the problem of the
polymatroid-based capacitated packing of branchings is provided for this version.

1 Introduction
Let D = (V, A) be a directed graph. For X C V, let
Ap(X)={uw e AjlueV\X,ve X},

AL(X) :== AL(V\X) and pp(X) := |AL(X)| the in-degree of X in D. We omit D and write p(X) when the
directed graph considered is clear from the context. We write a singleton {s} simply as s. For s € V' CV
and A’ C A, the subgraph D' = (V';A’) of D is called an s-arborescence if pp/(s) = 0,pp/(v) = 1 for
all v € V''\ s and D’ is acyclic. The distinguished vertex s is called the root of the arborescence. The
subgraph D’ of D is said to be spanning if V' = V. A set of arc-disjoint arborescences is called a packing of
arborescences.

Let us start with the following well-known problem.

Problem 1. Given a directed graph D = (V,A), s € V and k € Z~o, find a packing of k spanning s-
arborescences in D.

Problem 1 has been solved by Edmonds [2] as follows.

Theorem 1 (Edmonds [2]). Problem 1 has a solution if and only if p(X) > k for all nonempty X C V' \ s.
Problem 1 can be solved in polynomial time.

Actually, the following more general theorem on packing branchings with possibly distinct root-sets was
also shown by Edmonds [2]. For R C V/ C V and A’ C A, the subgraph B = (V/, A’) of D is called an
R-branching if it satisfies pg(v) =0 for all v € R, pg(v) =1 for all v € V' \ R and B is acyclic.
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Theorem 2 (Edmonds [2]). Let D = (V, A) be a directed graph and Ry, ..., Ry, C V. There exist arc-disjoint
spanning R;-branchings (i = 1,...,k) if and only if p(X) > |{i | R; N X = 0} for all nonempty X C V.

Note that Theorem 2 is a generalization of Theorem 1: this can be easily shown by setting R; = {s} for
i=1,...,k.

Problem 1 was also generalized to the capacitated problem.
Problem 2. Given a directed graph D = (V, A), a capacity function ¢ : A — Z>o, a set S C V' of roots

and a demand function d : S — Zwq, find spanning s-arborescences {T*7} and positive integers {\*7} for
all s € S such that Y A% = d(s) for all s € S and S {\%J | a € A(T%7)} < c(a) for all a € A.

The following result is known for Problem 2. For a function z : @ — Z>o and Q' C @), we use the usual
notation: z(Q") = > o #(q)-
Theorem 3 (cf. [11]). Problem 2 has a solution if and only if c(A™ (X)) > d(S \ X) for all nonempty

X C V. Problem 2 can be solved in strongly polynomial time.

Edmonds’ arborescence packing theorem was generalized in many other directions as well. In this paper,
we focus on the direction when a matroid constraint is added to Problem 1, introduced by Durand de
Gevigney, Nguyen and Szigeti [1].

Definition 1. A matroid M = (S,r) is a pair of a finite set S (called ground set) and a function r : 25 —
Z>q (called rank function) which satisfies the following four conditions:

(r1) (@) =0,

(r2) r(S1) <|Sq] forallS; C'S (subcardinality),
(r3) r(S2) <r(S1) for all So €Sy €S (monotonicity),
(r4) 7(S1) +7(S2) >r(S1US2)+r(S1NSs) for all S1,S2 CS (submodularity).

The family of independent sets Z of M is defined by
I(M):={S"CS|rS) =159}
Each element of T is called an independent set and each maximal independent set is called a base.

Problem 3 (Matroid-Based Packing of Arborescences [1]). Given a directed graph D = (V, A), a matroid
M = (S,r) and a map 7w : S — V, find a packing of {n(s)-arborescences T® | s € S} such that {s €S |v €
V(T®)} is a base of M for allv € V.

Note that Problem 1 can be reduced to Problem 3 by setting |S| = k,r(S') = |S'| for all S’ C S (this
matroid is called a free matroid) and 7(s) = s for all s € S. For Problem 3, the following theorem was
shown. For 7 :S— V and X CV,

7 1(X):={seS|n(s) € X}.
Theorem 4 (Durand de Gevigney—Nguyen—Szigeti [1]). Problem 3 has a solution if and only if

71 (v) is independent in M for all v €V, (1)
p(X) > r(S) —r(x (X)) for all nonempty X C V. (2)
Problem 8 can be solved in strongly polynomial time.

Definition 2. If a function r : 25 — Rxq satisfies conditions (r1), (r3) and (r4), then P := (S,r) is called
a polymatroid. If the rank function is integral, then P is called an integral polymatroid. For S’ C'S, let

Span,.(§') :={se€S|r(S'Us)=r(5)}.



It is well-known that Span, is monotone, that is,
Span,.(S2) C Span,.(S;) forall Sy CS; CS. (3)
A function 7 : 2V — R U {+o0} is submodular if it satisfies the submodularity condition (r4).

Theorem 5 ([7, 10]). A submodular function can be minimized in strongly polynomial time in the size of
the underlying set.

The rest of the paper is organized as follows. We explain the problem settings in Section 2, where we
introduce the unsplittable version and the splittable version. In Section 3, we show that the unsplittable
version is strongly NP-complete. For the splittable version, a pseudo-polynomial time algorithm is given
first and then a strongly polynomial time algorithm is given in Section 4. Section 5 concludes this paper.

2 Problem setting

In this section, we introduce two problem settings by replacing in Problem 3 the matroid constraint by a
more general polymatroid constraint.

Definition 3. For a polymatroid P = (S,r),

P(r) = {x e RS, | x(S') < r(S) VS C s}
is called an independent polyhedron of P and

B(r) := {x € Rszo | z € P(r),z(S) = T(S)}

is called a base polyhedron of P.

Problem 4 (Unsplittable Version). Given a directed graph D = (V,A), a capacity function ¢ : A — Z>o,
an integral polymatroid P = (S,r), a demand function d : S — Z>¢ and a map 7 : S — V, find a n(s)-
arborescence T® for all s € S such that

(ul) > {d(s) | a € A(T®)} < c(a) for alla € A and

d(s) ve V(T

for alls € S.
0 v & V(T%)

u2) t¥ € B(r) for allv € V, where t¥ € VAT defined by t¥(s) :=
>0

Problem 5 (Splittable Version). Given a directed graph D = (V,A), a capacity function ¢ : A — Z>o,
an integral polymatroid P = (S,r), a demand function d : S — Z>o and a map w : S — V, find ©(s)-
arborescences {T%7} and positive integers {\*7} for all s € S such that

(s1) SN =d(s) for alls €S,
(s2) S {7 | a € A(T*)} < c(a) for all a € A,
(s3) A° € B(r) for all v € V, where X* € ZE) is defined by X’(s) := Y2 {\%7 | v € V(T*)} for all's € S.

The relation of Problem 5 to the previous problems is shown in Figure 1.
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Figure 1: Relation between problems. The splittable version (Problem 5) is a common generalization of the
capacitated problem (Problem 2) and the matroid-based problem (Problem 3).

Problem 3 can be reduced to Problem 4 by setting c¢(a) = 1 for all a € A, P = M and d(s) = 1 for all
s € S. Problem 3 can also be reduced to Problem 5 by a similar setting. The difference between Problems 4
and 5 is that one must pack one m(s)-arborescence with width d(s) for each s € S in Problem 4 and d(s)
(not necessarily distinct) 7 (s)-arborescences with width 1 for each s € S in Problem 5.

3 Unsplittable version

In this section, we show that the problem of unsplittable version is strongly NP-complete. This can be
shown by the complexity of the following special case.

Problem 6 (Packing of Spanning Arborescences with Width). Given a directed graph D = (V, A), a capacity
function ¢ : A — Z>¢, a root s € V and demands di,...,dy € Zso, find k spanning s-arborescences {T;}
(i=1,...,k) such that Y {d; | a € A(T3)} < c(a) for all a € A.

Problem 6 can be reduced to Problem 4 by setting S = {s',...,s*},d(s') =d; (i = 1,..., k), 7(S') = d(S)
for all S’ C S, and 7(s') = s for all s* € S. To prove the strong NP-completeness of Problem 6 we use 3-
PARTITION.

Problem 7 (3-PARTITION). Given 3n positive integers qi,qa, - - . , q3n, Satisfying ﬁ Zfﬁl g < qj < ﬁ 2?21 Qi
(j =1,...,3n), find a partition of these integers into n components of 3 elements such that the sum of each
component is the same value.

It is known [5] that Problem 7 is strongly NP-complete. Problem 7 can be reduced to Problem 6 as follows.
Let q1,...,q3, with ﬁ Zf’;‘l g < q; < % 2?21 gi (j = 1,...,3n) be an instance of 3-PARTITION. Let

D = (V, A) be a directed graph with V' = {vy,...,v,,t} and A = {v;1v; |1 <i<n—1}J{vit | 1 <i <n},
c(a) =20 g; for all a € {v1v; | 1 <i<n—1} and ¢(a) = %25’21 gi for all a € {vit | 1 <i < n}, s=uv,,
k=3nand d; = ¢q; for i =1,2,...k (see Figure 2).
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Figure 2: The directed graph D in the reduction of Problem 7 to Problem 6. The arcs of capacity 2?21 d;
are represented by thick lines and those of capacity % 2?21 d; by dashed lines.

Note that T is a spanning v,-arborescence of D if and only if A(T) is the union of {v;11v; | 1 <i <n—1}
and just one element of {v;t | 1 <4 < n}. This element of {v;t | 1 < i < n} corresponds to a component of



the partition. Therefore Problem 7 has a solution {Q1,...,Q,} (a partition of {q1,...,q¢s,}) if and only if
Problem 6 arising from the reduction has a solution {T7,...,T}} satisfying {j | vit € A(T})} = {l | ¢ € Qi}
for i =1,...,n. Thus, if one has a solution {77,...,T5,} for the corresponding Problem 6, one can obtain
a solution {Q1,...,Q@,} for Problem 7 in polynomial time. Since Problem 7 is strongly NP-complete, the
following theorem holds.

Theorem 6. Problem 6 is strongly NP-complete.
The following corollary on Problem 4 can be obtained immediately by Theorem 6.

Corollary 1. Problem 4 is strongly NP-complete.

4 Splittable version

In this section, we first show that there is a pseudo-polynomial time algorithm for the problem of the
splittable version. After that, we show that actually this problem can be solved in strongly polynomial
time. Our algorithm uses ideas from the proof of Theorem 53.9 in [11] and those from the proof of Claim
2.1 and Theorem 1.6 in [1].

4.1 Pseudo-polynomial time algorithm

To make a pseudo-polynomial time algorithm for Problem 5, we deal first with the special case when
d(s) = r(s) for s € S. For this problem, the following theorem holds.

Theorem 7. Problem 5 with the input (D = (V,A),c, P = (S,r),d,m) satisfying d(s) = r(s) for alls € S
has a solution if and only if

S e P(r) forallv eV, (4)
c(AT(X)) > 7(S) —r(r (X)) for all nonempty X C 'V, (5)

where SY € Z‘;'O is defined by S”(s) := {g(s) E:Ez; ;Z;’ for all s € S.

Proof. Here we prove only the sufficiency, the proof for the necessity will be given for Theorem 9 that
handles the general case. We define an instance (D, M = (S,7),7) of Problem 3 as follows:

D= (V. {a',...,a" (c(a) copies of a) | a € A}), ©)
S:= U S;, where S; = {gip . ,§Z~(si)} are disjoint sets (Si €5), (7)
steS
~/! L . c/ ~' / g/ G
A(8) = min g S\ [ Si|+7(8)p (FC9), ®)
steS’
7?(§§») = w(si) (52 €S;,s' € S). ©)

It is known that this pair (S,7) actually becomes a matroid (cf. Theorem 5.5.14 in [3], or [6], or Section
44.6b in [11]). By Theorem 4, Problem 3 with the input (D, M, 7) has a solution if and only if

T w) €M)  forallv eV, (10)
pp(X) > 7(S) — F(7 1 X)) for all nonempty X C V. (11)

We show that conditions (10) and (11) are satisfied.



Claim 1. 7#(771(X)) =r(z (X)) forall X CV.

Proof. Let X C V. By the monotonicity of r, (8), (9) and (7), we have

FENX) =min ¢ r(S)+ [F X\ [J Si| p=_ min_ Sr(S)+ D r(s)p. (12)

e steS! SeriX) ster—1(X)\S
By the submodularity of r, we have
-1 . / ‘ -1
X)) < S ) p < X)). 13
rr (X)) s  min e+ ; r(s") ¢ <r(r (X)) (13)
sien—1(X)\S'
Hence equality holds everywhere in (13). Then, (12) and (13) implies the claim. O

Let v € V. By the submodularity of 7 and (4), we have (7~ (v)) < D sien—1(v) r(s’) < r(n71(v)), that
is, by Claim 1, (7) and (9)

FE ) =r )= Y, rsH=| U Si|="w)l (14)

ster—1(v) ster—1(v)

and hence (10) is satisfied.
By Claim 1 applied for V' and for X C V', (5) and (6), we have

#(S) = F(@ (X)) = (S) — r(n (X)) < (AL(X)) = pp(X),

and hence (11) is satisfied. o )

Then, by Theorem 4, Proble~m 3 with the input (D,./\/l,fr) has a solution, that is thergexists in D a
packing of 7(8})-arborescences {7} (i = 1,...,k;j = 1,...,7(s")) such that {S; € S | v € V(T})} is a base of
Mforallve V. Fori=1,....kj=1,... ,7(s%), let Tz/] be obtained from TJZ by replacing each arc a’ of TJZ
by the original arc a of D. Let {T};} be obtained from {Tz’j} by keeping one copy of each arborescence with
Aij being equal to the multiplicity of that arborescence in {T7;}. Then, by (9), T;; is a 7(s’)-arborescence in
D and, for i =1,...,k, since {T}} exists for j = 1,...,7(s"), > \ij = r(st) = d(s), so (s1) is satisfied. Since
the arborescences in {7} are arc-disjoint in D and each arc a of D has c(a) copies in D, (s2) is satisfied.
Finally, for v € V and S’ C S, by the definitions of A”, \;, T} and 7, we have

YN [sest = Y s eS veV(Ty)}
= |{le |sieS ve V(T})H

= [&e | Silvev(T)

siecS/

< r U S,
steS’
< r(9),

that is AV € P(r). Moreover, if S’ = S, then, by {52 eS|ve V(T;)} is a base of M and Claim 1, the last
two inequalities are satisfied with equality, and hence A" € B(r), so (s3) is satisfied. This implies that {7};}
is a solution of Problem 5. O



To prove the general case we need the following result on the intersection of a polymatroid and a
box. For the first part see Section 44.1 in [11] and the second part can be obtained by Theorem 5 since

r(S') +d(S*\S) (S CS*) is submodular.

Theorem 8. The intersection of the integral polymatroid P = (S,r) and the integral box X'ls‘[O, d(s)] (where

d:S — Z>o) is an integral polymatroid P = (S, ) whose rank function 7 satisfies:
7(S*) = Srlréig*{r(S') +d(S*\S)} S*CS.

Moreover, 7(S*) can be computed in strongly polynomial time for all S* C S.
By using these results, the following theorem can be shown.
Theorem 9. Problem 5 has a solution if and only if the following conditions hold.
L € P(r) forallv eV,
(AT(X)) > 7(S) —7(S) —d(m 1 (X)\ S for all nonempty X C V,S' C 77 1(X),
d =
(5) (m(s) =), for all s € S.
0 (x(s) £0)

Proof. We first prove the necessity. Let us fix a solution {77} with values {\*7} of Problem 5.

where L € Z'ZS(‘) is defined by L°(s) := {

For all v € V, if m(s) # v, then L"(s) = 0 < AY(s), and if 7(s) = v, then, by (s1) and (s3), we have

L(s) =d(s) = > X <Y {X |v e V(T™)} = X¥(s).
Thus A € B(r) implies (16).

(15)

Let us fix a nonempty X C V, S’ C 7~ }(X) and a vertex v € X. By (s3) applied for S and for S/, (s1)
applied for all s € 7= 1(X)\ S, s ¢ 7 1(X),v € V(T/) and T%7 is an 7(s)-arborescence and (s2), we have

r(S) = Y X |veV(T)}
- 3 AT > AT+ > AS
senr—1(X)NS' weV (TS7) sen— 1 (X)\S' weV (Ts9) sgm—1(X),0eV (T57)

< r(S)HdEH NS+ S
a€EA— (X)NA(TSJ)
< r(S) +drHX)\S) + (AT (X)),

thus (17) holds.

Next, we prove the sufficiency.

Claim 2. The following hold:

7(s) = d(s) foralls €S,

) forallv €V,
(AT (X)) > #(S) — A(r (X)) for all nonempty X C V.
)

Let S C S such that #(S) = 7(S') +d(S\ S'). By (15) and (17) applied for X = V and S’, we have
7(S) < r(S) < (A (V) +r(S)+d(S\'S') = #(S), hence equality holds everywhere, so (19) is satisfied.

By (18), we have S¥ = L", and then, by P(#) = P(r) N x‘lsl[O, d(s)] and (16), (20) is satisfied.

By (15) applied for 7=1(X), there exists S’ C 771(X) such that #(7~1(X)) = r(S') +d(7~1(X)\ S'). By

(17) applied for 7=1(X) and S’ and by (19), it follows that (21) holds.

O



By Claim 2 and Theorem 7, Problem 5 with the input (D,c,73, d, ) has a solution, that is there exist
7(s)-arborescences {T°7} with values {\*/} satisfying (s1), (s2) and (s3). By B(#) C B(r) and (19), this
solution is also a solution of Problem 5 with the input (D, ¢, P,d, 7). O

The proofs presented in this subsection provide a pseudo-polynomial algorithm to solve Problem 5.
Indeed, the construction in the proof of Theorem 7 is polynomial in n := |V|,m := |A| and C := max{c(a) :
a € A} and hence the polynomial algorithm given in [1] solves Problem 5 in pseudo-polynomial time in the
special case when d(s) = r(s) for s € S. The proof of Theorem 9 shows how to reduce the general case to
the above special case. This can be done in polynomial time by Theorem 8.

4.2 Strongly polynomial time algorithm

Now we improve the running time from pseudo-polynomial time to strongly polynomial time. We mimic
the proof of Schrijver of Theorem 53.9 in [11]. For convenience, we deal with the following problem, which
is a generalization of Problem 5. The difference is that we deal with packings of branchings in the following
problem.

Problem 8. Given a directed graph D = (V, A), a capacity function ¢ : A — Z>o, an integral polymatroid
P = (S,7), a demand function d:S — Z>o and a map 7: S — 2V, find 7(s)-branchings { B>/} and positive
integers {\7} for alls € S such that

(b1) S =d(s) for alls €S,
(02) S AN | a € A(B%)} < c(a) for all a € A,
(b3) XV € B(r) for allv € V, where A° € ZS) is defined by A*(s) := S{X*7 | v € V(B))} for all's € S.
We can obtain a theorem for Problem 8 similar to Theorem 9. For this problem, let for all X C V,
(X)) :={seS|n(s)NX #0}.
We change the notation from that in the previous problem setting because now 7 is a map from S to 2.

Theorem 10. Problem 8 has a solution if and only if the following conditions hold.

K" e P(r) forallv eV, (22)
(A (X)) > 7(S) —r(S) —d(xT(X)\S) for all nonempty X C V,S' C 71 (X), (23)
d
where K € Z|>S(‘) is defined by K"(s) := (s) (venls)), for alls € S.
- 0 (vgm(s))
Proof. The necessity can be proved as in Theorem 9. The sufficiency will be proved by the algorithm
presented below. O

4.2.1 The algorithm

In this subsection we provide our algorithm to solve Problem 8. The algorithm consists of 2 phases. In
Phase 1, the idea is to reduce an instance of Problem 8 to a smaller one in the sense of capacity sum (the
sum of capacities of the arcs). In order to have a strongly polynomial time algorithm the value by which the
capacity sum decreases is maximized. For the reduction of the capacity sum we pay by the growth of the
size of the ground set of the polymatroid: in each step a new element is added. The size of the ground set
of the final polymatroid will be shown to be polynomial in the size of underlying graph and the size of the
original polymatroid. When the reduction can not be applied any more Phase 2 starts. First, a solution for
the last instance of Problem 8 is easily provided. Then, for all previous instances, one by one in the reverse
order, a solution is constructed, hence at the end a solution for the original instance is obtained.

We will apply the following procedure REDUCTION (see Figure 3). Our algorithm is given in Figure 4.



PROCEDURE (REDUCTION) :
InpuT : An instance (D, ¢;, P; = (Si,1;),d;, ;) of Problem 8, a; = wv; € A, s; € S; with a; € AL (mi(s;)).
Ourput: An instance (D, ¢;y1,Pir1 = (Sit1,7i+1), dit1, mit1) of Problem 8.
i := min{
ci(ai), (24)
di(si), (25)
min{e; (AL (X)) + 74(x[(X) Usi) = 1i(Si) | ai € Ap(X)}, (26)
min{r;(SUs;) — d;(S) | S C 7] T(v;)} (27)
}.
cit1(a;) :=ci(a;) — p; and ¢iq1(a) = ¢i(a) for all a € A\ ay, (28)
Si11:=S; US;, where §; is a new element, (29)
ri41(S") = 1ri(S) and r;41(S'US;) =1 (S Us;) for all S C S;, (30)
dit1(si) = di(si) — piydig1(S;) := pi and diy1(s) := d;(s) for all s € S; \ s;, (31)
Ti+1(5i) := mi(s;) Uv; and mi41(s) := m;(s) for all s € S;. (32)

Figure 3: Procedure REDUCTION.

4.2.2 Preliminaries
Let us introduce the following function g; and i-tight sets for which it takes 0.
6i(X) = a(Ap(X)) + 7] (X)) = i(S:),
Ci = {0#XCV|g(X)=0}

Note that, by Theorem 8 and the facts that ﬂ;r(XﬂY) C ﬂ;r(X) ﬂw}(Y) and 7} I(xuy) = (X) UT('J(Y),
we have that fi(wj(X )) is submodular (and hence so is the function g;).

Lemma 1. The following hold for C; :

(a) If X, Y € C; are intersecting, then X UY, X NY € C;. Moreover, ifs € Spanh(ﬂg(X)) N Span;, (WZT(Y)),
then s € Spanfi(ﬂ;r(X ny)).

(b) Let X; CV such that c;(AL(X;)) + fi(ﬂj(Xi) Us;) —7i(Si) = i and a; € A (X;). Then X; € Ciyr.
(c) C; CCit1.

Proof. (a) Let X,Y € C; such that X NY # (. If we have s, then let o = s, otherwise let o = (). Then, by
X,Y € (C;, the submodularity of ¢; and f,(ﬂj(X) Uo), X NY # 0 and, by (23), the non-negativity of g; on
2V'\ (), we have

2ri(Si) = 6i(X) +6i(Y) + 2r:i(Si)
= a(Ap(X)  Fh(x) +e(AR(Y)  + A (V)
= a(Ap(X)  FREIX)Ue)  Fa(Ap(Y)  +AE (V) Uo)
> G(ALXNY)) + /(X NY)Uo) 4+ c(AL(XUY)) +#(r (X UY)Uo)
> GALXNY) +AE(XNY)) 4+ a(AL(XUY)) +7(r (X UY))
= g(XNY)+g(XUY)+2r(S;)
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ALGORITHM (INTEGRAL POLYMATROID-BASED CAPACITATED PACKING OF BRANCHINGS) :
InvuT @ An instance (D, ¢, P = (S,7),d, 7) of Problem 8 satisfying conditions (22) and (23).
output: A solution {(B%/,\%7)} for s € S of Problem 8.

1. (D,Cl,Pl = (Sl,rl),dl,m) = (D,C,P - (S,T),d,ﬂ').

2. While there exists u;v; € A and s; € S; with wv; € Ag(m(si)) so that the above defined p; > 0
execute Procedure REDUCTION. (Let 7 be the last index.)

3. {(BE, X)) = ((7+(s),0),d-(s)) | s € S+ .
4. For i + 1 from 7 to 2,
(a) (B A7) := (B¥,,\%0 ) fors e S; and j € {1,..., 0},

i 27N i+17 Mi41
Szés +7 Szzs +Jj i i ;
(b) (B, A )= (BZSJFJ1 + a,,)\fﬁl) for j € {1,...,4}.
(c) If BSZZS'—FZ Bgi’] for Somze je€ jl, o ls ) and J e{1,..., 4}, then replace (B, Bt )\s'es'ﬂ)
and (B]"7 XY by (BY9 AT 4 N6,

5. STOP with {(B; .J )\S’])} for s € S.

Figure 4: The algorithm.

hence equality holds everywhere, in particular, ¢;(X NY) =0 = ¢;(X UY), that is X UY, X NY € C,.
Moreover, o € Span;, (WJ(X NY)), and (a) follows.

(b) By the definition of gi11, a; € AL(X5), (28), (32), (30) and the definition of X;, we have

9ir1(Xs) = cip1(Ap(Xe) + fira(rl 1 (X5) = rig1(Siva)
= G(AL(X)) — pi 4 i (7] (Xi) U's;) — 74(S5)
= (Ap(X))) — pi + Fa(m (Xi) Usy) — ri(Ss)
= 0,

D
D

that is (b) holds.
(¢) Let X € C; and S’ C 7 (X) such that 7;(m] (X)) = ri(S) + di(m] (X)\ ).

(I) If a; € A(X), then's; € 7T2L+I(X) and ¢ 11 (A7 (X)) = (A7 (X)) — . By X € G, a; € A (X), (28),
(23), (15), 5, € W;rJrl(X), (31) and the definition of S, we have

Pl X))+ = 71i(Si) — (A (X)) + i

7i(S;i) — ciy1(Ap(X))

P () (X))

Ti+1(s ) + dig1(m; +1(X) \ s’ )
rig1(S) + dipa (7] (X)\S') + diy1(5:)
ri(S) + di(m} (X)\ S') + pua

Film] (X)) + i

IN A

IN

Hence equality holds everywhere, in particular, ¢;11(AL (X)) = 741(Sig1) — fi+1(71';r+1(X)), that is
X €Ciy1.

10



(I) If a; € A (X), then, by X € C;, a; € A (X), (28) and (23), we have
F(rH(X) = ri(Si) — (AL (X))
= 1i41(5) — cit1(Ap(X)) (33)
< fi+1(7TZT+1(X))-
(i) If5; & 7TZ]~L+1(X) \ S, then 7TZ]~L+1(X) = W;r(X), so, by (15), (30), (31) and the definition of S', we
have
rist () + disa (], (X)\ S)
ri(S') + di(7 (X)\ S) (34)
il (X)-

IN

Pig1(ml 1 (X))

IN

(i) If5 € 7, (X)\ S, then, by a; ¢ Ap(X), s; € 7 (X).
1. If s; € S, then, by (15), (31), (30) and the definition of S, we have

P (tl (X)) < () + dia (] (X)\ S)
= rip1(S) + dipa (7] (X)\ (S'Us:)) + diga(si) + dig1 (5)
= 7i01(S) + di(x[(X)\ (S Usy)) + di(si) — pi + s (35)
= (S + (] (X)\S)
= (X))

2. If s; € S, then, by (15), (30), (31) and the definition of S/, we have

P (rl (X)) < ri(S'US) + diga (] (X) \ (S Us)))
= 1i(S) + di(m] (X)\'S) (36)
= (] (X)).

Hence, by (33) and (34) or (35) or (36), equality holds in (33), so ¢i+1(AL(X)) = 7rit1(Sit1) —
Pir1(ml, (X)), that is X € Cip1.
U

Let

A7 = {a€ A|ci(a) >0} and

7

S> = {s€S;|dis) >0}

A pair (uv,s) is called good if uv € A”,s € S7, uv € At (mi(s)) and min{r;(SUs) —d;(S) | S C =) (v)} > 0.

)

An arc uv is called good if there exists s such that (uv,s) is good. For a set X C V, let
77 (X) =7 (X)NS7.
For sets X,Y C V, we say that X dominates Y if 77 (Y) C Span;, (71 (X)), that is 7 (x] (X) Un>(Y)) =

Pi(m (X))

i

Claim 3. For X CV, #(x7 (X)) = fi(m (X)).

11



Proof. Let X C V. By (15), there exists S’ C m;”(X) such that 7(7; (X)) = ri(S) + d;(77(X) \ §'). Then,
by (r3) for #;, the definition of S’ and 7;”, and (15), we have

Pl (X)) > #i(m (X))

|
<
-

|

<
N )
~—~~ ~~ —~

v
>
S,
=

Hence equality holds everywhere and the claim follows. U
Claim 4. For w €V, f,(ﬂ;r(w)) = d,(wf(w))

Proof. By (15), there exists S’ C w;r(w) such that r;(S') + di(ﬂg(w) \S) = fl(ﬂ;r(w)) Then, by (22), the
definition of ', (r3) for #; and (15), we have

di(m(w)) = di(m](w) \ ) +di(S)
< di(nl(w) \§) +7i(S)
= i (w))
< di(nf(w)).
Hence equality holds everywhere and the claim follows. O

Claim 5. Forw eV ands € S; \ﬂ'j(w), s € Span;, (Wj(w)) if and only if there exists S C W;L(w) such that
Tl(g U S) = dz(g)

Proof. Suppose first that r;(S U's) = d;(S) for some S C W}L(w). Then, by (r3) for 7;, (15), the assumption
and Claim 4, we have

IN N

Hence equality holds everywhere and the sufficiency follows.
Suppose now that s € Spanfi(ﬂg(w)). By (15), there exists S’ C S;Us such that ri(g’)—i—di((ﬂ'j (w)Us)\S') =

fi(wg(w) Us). Let S := S\ 's. Then, by s € Span;, (Wg(w)), the definition of S/, (r3) for r;, (22), s & Wg(w),
non-negativity of d; and Claim 4, we have

|
=
-
—
3
p
—
g
=
SN—

Hence equality holds everywhere. Then, di(s\S") = 0 and hence, by s € S;, we haves € S/, that is S’ = SUs,
and d;(S) = r;(S) = ;(S') = r;(SUs) and the necessity follows. O

12



Corollary 2. uv € A7 is a good arc if and only if v does not dominate u.

Proof. Suppose first that uv is a good arc. Then there exists s € S; such that wv € Af(m(s)) and
r:(SUs) > d;(S) for all S C W;r(v). Then, by Claims 5, s € Span;, (wj(v)), that is v does not dominate w.
Suppose now that v does not dominate u, that is there exists s € w; (u) \ Span, (772(1))) Then s €
SN (WI(U) \7TZT (v)) and so uv € AJ,(mi(s)). Moreover, by Claim 5, (r3) for 7; and (22), min{r;(SUs) —d;(S) |
Sc 7'(';[(?})} > 0. Thus wv is a good arc. O

Claim 6. Let X be an i-tight set and v a vertex of X. If no good arc exists in D[X], then v dominates X.

Proof. Let us denote by Y the set of vertices from which v is reachable by a path using vertices in D’ :=
(X, A(D[X]) N A;). We show that (a) ¥ dominates X and (b) v dominates Y and then, by Claim 3, we
have 77" (X) C Span, (71(Y)) = Span, (7~ (Y)) C Span,, ((v)), and the claim follows.

(a) By the definition of Y, every arc of A7 that enters Y enters X as well. Then, by the i-tightness of
X, (r3) for r; and (23) for Y, we have

¢i(Ap(Y)) < a(Ap(X))
= 7i(Si) — Fi(m! (X))
< i(Si) = il (V)
< a(Ap(Y))
Thus equality holds everywhere and Y dominates X.
(b) For all y € Y, there exists a directed path y = vy, ...,v1 = v from y to v in D’. Since no good arc
exists in D[X], by Corollary 2 and Claim 3, 7 (y) = 7. (v¢) C Span,, (x| (ve_1)) = Span,, (17 (ve_1))--- C
Span,, (] (v1)) = Span,, (! (v)). Hence 7 (Y) = Uyey 77 (y) < Span,, (] (v)) and v dominates Y. O

4.2.3 Correctness of the algorithm

In this section we prove that our algorithm runs correctly. This will be shown through the following lemmas.

Lemma 2. If (D,c¢;,P; = (Si,7i),d;,m;) is an instance of Problem 8 satisfying conditions (22) and (23),
then so is (D, ciy1, Pig1 = (Sit1,Tit1), dig1, Tit1)-

Proof. Let us start by mentioning that, by (28), (24) and ¢;(a) > 0, we have ¢;11(a) > 0 for all a € A, by
(31), (24) and d;(s) > 0, we have d;1(s) > 0 for all s € S;11, and that P;;1 = (S;y1,7i41) is clearly an
integral polymatroid.

Now, suppose that (22) is satisfied for the instance (D,¢;,P; = (Si,ri),di, ™), that is K € P(r;) for
all v € V (K7 denotes K" for (D, ¢;, P;,d;, m;) and we use the same kind of notation in the sequel), which
means that d;(S) < r;(S) for all S C W;r(v). Let ve V and S C 7TZT+1(U).

1. If 5, ¢S, then, by 5; ¢ S, (31), ds(S) < r4(S) and (30), we have

di1(S)

d;(S)
’I“Z(g) R

= ’riJrl(S).

<
<

13



2. If 5, € S and v # v;, then, s; € 772(1)).

5; € S, we have

di+1(5)

3. Ifs; €S and v = v;, then, by s; € S, s; &

di+1(5)

Thus, by (25), (31),

di+1((~§ \ {si,si}) U {si;5i})
dit1(S\ {si,5:}) + dit1(5)) + disa(si)
di(S\ {Sz‘,gz’}) + i + (di(si) — i)

), we have

! (vy), (31
dit1(S\5) + dit1(5:)
= &i(S\5) + i
< ni((S \si) Usi)
= rip1((S\5) US)
= TH*l(g)

), (27) and (30

dl((g \gz) @] Si) < TZ((g \ §i) U Si), (30) and

The above arguments imply that K7, , € P(r;11) for all v € V, that is (22) is satisfied for the instance

(D, civ1, Piv1 = (Sit1,7it1)s diy1, Tig1)-

Finally, suppose that (23) is satisfied for the instance (D,c;,P; = (S;i,7i),di, ;).
). We distinguish some cases. Let ¢; := p; if a; € A™(

§'C 7TzTJrl(X

ci+1 (A7 (X)) = (AT (X)) — &

(i) If s; & 7wl 1 (X),

(a) If 5; €7Tl+1( ), then, a; ¢ A~ (X
cir1(A7 (X))

) and by (37), (23), (30) and (31
= (A7 (X))
> 1i(Si) = ri(S) — di(x(X)\ §)

), we have

Let X C V and

X) and 0 otherwise. Then

(37)

= ri41(Sir1) = ripa(S) = diga () (X)\ S),

(b) If 5 € 7,1 (X), then, a; € A~(X) and by (37),

1. If 5; ¢ S, then, by (28), (23), (30), (31) and (32

ci+1(A7 (X))

), we have

= a(A™(0) —
Tz(sz) — TZ'(S/) — dz

v

Tl (X)\S) -
(! (X

)\S) -

ci+1(A7 (X))

= 7“z‘+1(5i+1)

ci(AT(X)) — p
¢i(A7(X))
ri(Si) = ri((S"\5:) Usi) —

Ti41(Sip1) — rip1(S')

IV

14

(
= 7“2‘+1(Sz'+1) - 7“2‘+1(SI) -
—ri41(S") = disa (7], (X)\ S).

2. If 5, € S/, then, by (28), (26), (15), (30), (31) and (32

), we have

— (ci(AT(X)) = 7i(Si) + 7i((S"\ 5)) Usi) + di(m

di(n}(X)\ (S'\:)))

—di (7] (X)\S).

di+1(5)

TEON (" \s)



(i) 1f 5; € .., (X),
(a) If s;,5; € S, then, by (37), (23) if a; € A~ (X) or (26), (15) if a; € A~ (X), (30), (31) and (32),

we have

ci+1(A7 (X))

Il
£
—
"
—~
S
~—
SN—
£

v
<
~
—~
=,
~— ~—
|
=<
~
—~

)
i —Tz‘(S')— i(m; X)\(S'Usz'))—dz(Sz)+Mz—Mz
rip1(S) = diga (wf (X)\ (S UsiUs:)) — diga(si) — diga(s)
') — dipa (], (X)\S).
(b) If 51,5 € &', then, by (37), (23) if a; & A~(X) or (26), (15) if a; & A~ (X), (30), (31) and (32),

we have

I
3
_l’_
A

cir(AT(X) = a(A (X)) —&
ri(Si) — ri(S'\ ;) — di(m] (X) \ (5" \ 51))
= rip1(Sip1) — 1i41(8) — dia (xl (X)\ S).

(c) If |{s;,5;} N'S'| = 1, then, by the previous case, (30), (25), and (31), we have

v

it (AT(X)) = ria(Sin) = rinn(S'Us; Us) — diga (], (X) \ (S'Usi Us)))
> rig1(Siv1) —rie1(S) — diga (7 Z+1( )\ S).

The above arguments show that (23) is satisfied for the instance (D, ¢; 1, Piy1 = (Sit1,7i+1), dig1, Tit1). O
Lemma 3. If there exists a good arc, then there exists a good pair (u;v;,s;) for which u; > 0.

Proof. Suppose that for all good pair (uv,s), u = 0, that is there exists X;, C V such that uv € AL (X?,)
and ¢;(AL(X5,)) + fl-(ﬂ';r(Xfw) Us) —7i(S;) = 0. Then, by (23), (15) and (r3) for 7;, we have

(| (X5) Us) = 7i(Si) — (AR (XE,) < Ailm] (X5,)) < 7ulw[(X7,) Us),
so equality holds everywhere, that is X3, is i-tight and s € Span,, (WZ(XZU))

Claim 7. Fach good arc uv enters an i-tight set X, that dominates u.

.I.

)

Proof. Let uv be a good arc. By the above argument, for all s € 77" (u) \ 7,
X5, such that uv € A (X5,) and s € Spanfi(ﬂ;r(Xfw)). Let X, = Use7r>(u)\7rf(v)
all s € Span;, (ﬂ';r(Xfw)), Claim 1 implies that X, is i-tight. Moreover, 77 (u) = (7] (u) \W;r(v)) U W;r(v) C
Spanfi(wg(Xu)) U wj(v) = Spanfi(wg(Xu)), that is X, that dominates w. O

(v), there exists an i-tight set
. Since v € X3, for

Among all pairs of a good arc uv and an i-tight set X such that uv enters X and X dominates u choose
one with X minimal.

Since X dominates v but, by Corollary 2, v does not dominate u, v does not dominate X. Then, by
Claim 6, there exists a good arc u/v’ in D[X]. Then, by Claim 7, v'v" enters a tight set Y that dominates
u/. By v € X NY, the i-tightness of X and Y, v’ € X, 77 (v) C Spann(ﬂg(Y)), Lemma 1, we have that
X NY is i-tight and, by Lemma 1(a), 7, (u') C Span,. (7 J(XHY)). Since the good arc u/v enters the i-tight

set X NY that dominates v’ and X N Y is a proper subset of X (since v’ € X \'Y), this contradicts the
minimality of X. O

Lemma 4. If no good arc exists, then {(BE',\3') := ((7-(s),0),d-(s)) | s € Sy} (provided in Step 3 in
Figure 4) is a solution of Problem 8 for the instance (D, c;, Pr,dr,mr).
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Proof. Note that BS' is a 7, (s)-branching for all s € S,.

(b1) is satisfied by A3 = d,(s) for all s € S.

(b2) is satisfied since A(BE') =0 for all s € S, and ¢, (a) > 0 for all a € A.

(b3) By Lemma 2, the instance (D, c;, P = (S+,77),dr, ;) of Problem 8 satisfies conditions (22) and
(23). By (15) and (23), we have 0 > 7.(S;) — r(S+) = ¢ (AL(V)) + Po(mL(V)) = r2(Sy) > 0. Tt follows
that V is a 7-tight set and fT(Wi(V)) = 7-(S7). Then, by Claim 6, any vertex v dominates V, that is
Pr(ml(v)) = 7-(7L(V)). Moreover, by Claim 6, d.(m}(v)) = #+(7}(v)) = r+(S,). Since AY = K¥ € P(r,) and
AY(S;) = dy(mh(v)) = r,(S,) for all v € V, (b3) is satisfied. O

Lemma 5. {(B NS ’J)} for's € S; (provided in Step 4 in Figure /) is a solution of Problem 8 for the

i 07N
instance (D, c;, Py, di, m;).

Proof. (bl) For all s € S; \'s;, by the definition of )f’j (31) and (bl) for i + 1 and s, we have,
Z A = Z X = diga(s) = di(s).
For s;, by the definition of )\?’j, (bl) for i + 1 and s; and for i + 1 and §; and (31), we have
DN = Y N+ Z A
J J
dit1(si) + dz‘—f—l(gi)

di(si) — pi + pa
= d,(s,)

Hence (bl) is satisfied.
(b2) For all a € A\ a;, by the definition of )\j’j, (b2) for i + 1 and (28), we have,

YN lac ABY)Y = DN lac AB)}
< CZ+1( )
= ¢i(a).
For a;, by the definition of )\ji’j, (b2) for i+ 1 and a;, (b1) for i + 1 and §;, (31) and (28), we have
DT lai e ABY)} = B D L€ BB} + 3N
< civi(ai) + dia(Si)
civ1(ai) + pq

= ci(ai).

Hence (b2) is satisfied.
(b3) Let v € V and S’ C S;. By definition, Aj(s) = Aj(s) for all s € S;\'s; and Aj(s;) = Z+1( i)+ A7 1(50)-
If s; ¢ S', then, by (b3) for v and (30), we have > . Aj(s) = D e Ai1(s ) <7rit1(8) = ri(5).
If s; € §, then, by (29), (b3) for v and (30), we have
DONG) = M)+ > Als
seS’ seS’\s;
= AlJrl(Sl) +AZ+1 Sl Z )‘z+1

seS’\s;
= > A0

seS’Us;
< 7“2‘4_1(5/ U §Z‘)
7“2‘(5/).
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Moreover, if S’ = S;, then, by (b3) for v and S;;1, the above inequality holds with equality, and hence
AY € B(r;), so (b3) is satisfied.
O

By the above lemmas, our algorithm runs correctly.

Theorem 11. If the instance (D,c,P = (S,7),d, 7) of Problem 8 satisfies the conditions (22) and (23), then
Algorithm INTEGRAL POLYMATROID-BASED CAPACITATED PACKING OF BRANCHINGS provides a solution
for Problem 8.

Proof. By Lemma 2, the instance (D, ¢;, P; = (Si,7;),d;, m;) of Problem 8 satisfies the conditions (22) and
(23) for all i € {1,...,7}. By Lemma 3, no good arc exists in (D, c¢;, Pr,d,,7;). Then, by Lemma 4, the
packing provided in Step 3 in Figure 4 is a solution of Problem 8 for the instance (D,c¢;,P;,d;,7;). By
Lemma 5, the algorithm provides a solution for the instance (D, ¢, P = (S,r),d, 7) of Problem 8. O

4.2.4 Complexity of the algorithm

In this subsection we show that our algorithm runs in strongly polynomial time. First we check that the
number of the executions of the procedure is strongly polynomial and then that each procedure can be
executed in strongly polynomial time.

Theorem 12. The total number of the executions of Procedure REDUCTION is strongly polynomial in |V|,|A|
and |S|.

Proof. By definition, u; is equal to one of the four terms in (24), (25), (26) and (27). For each of the four
terms, we evaluate the maximum number of procedures when p; is equal to that term.

Term (24): In this case u; = ¢;(a;). Then, by (28), ¢;iy1(a;) = ¢i(a;) — pi(a;) = ci(a;) — ¢i(a;) = 0, that
is the capacity of an arc becomes zero. Since the capacity of an arc never increases during the procedures,
this can happen at most |A| times.

Term (26): In this case p; = ¢;(AH (X)) + f,(ﬂ;r(X,) Us;) — r;i(S;) for some X; C V with a; € A (X;).
Since, by Lemma 1(a), C? = {V’ € C; | v € V'} is a lattice for each v € V, |C?| increases at most |V|? times,
and hence |C;| increases at most [V'|3 times. (See p. 921 in [11].) By Lemma 1(b), y; is attained by term
(26) at most |V|? times.

Term (27): Suppose that, for a fixed vertex v and for j € {1,...,¢},

Wiy = Ti; (gzj U Sij) — dij (71';[]_ (v) N g@]) (38)
We need the following lemma.

Lemma 6. ¢ <|S|.
Proof. The demand function d; on S; satisfies (22) which is equivalent to the following condition (39). S is
called (v,1)-tight if di(wj(v) NS) =ri(S).

di(wj(v) NS) <ri(S) forallSCS,. (39)
Claim 8. IfS and S' are (v,i)-tight then SUS’ and SN'S’ are also (v,7)-tight.

Proof. By the submodularity of r;, (39), the modularity of d; and the (v, i)-tightness of S and S, we have

r(S) +1:(S) > r(SNS)+r(SUY)
> di(n(v) N (SNS) +di(rl(v) N (SUS))
di(n! (v) NS) + di(m! (1) N )
= 7(S) +ri(S).
Hence equality holds everywhere and the claim follows. U
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Claim 9. §Z~j Usi; € Sijt1 is (v,45 + 1)-tight for all j € {1,...,¢}.

Proof. By the definition of r;, 11 and §;;, condition (38), d;, +1(5;;) = pi; and v € m;,411(5;;),

Tij-i—l(gij U§Z‘j) = sz(g

;
= <J<> Si,) + diy11(5i,)
(;f 1(”) (gijugij))'

O

For j € {1,...,¢}, let g:] C S;;+1 be the maximum (v,7; + 1)-tight set containing Sij Us;;. By Claims 9
and 8, it exists.

Claim 10. 74;+1(S},) = ri;+1(S;, N'S).

Proof. Let Q;; be the set of elements of S that are “parallel” to the elements of gfj Since each element is
“parallel” to an element of S,

ri;+1(S5) = ri;41(Qsy), (40)

and, by condition (39), the modularity of d;, 1, the (v,7; + 1)-tightness of SZ and the nonnegativity of
dij+1,

ri;+1(5;) = 71i;41(Qy; USS

St) + diya(ml 1 (0) N Qi \ S7))

Vv
&
<
_l’_
—
/ —~ —~ —
A
<
+
(=
—~~
4
~— ~—

I
&
<
+
—
A
<
SN— +
—

vV
o3
<.
+
[
un

Thus Q;; U gj] is a (v,i; + 1)-tight set containing g;: and so §Z~j Us;;. Then, by the maximality of gfj,
Qi; g’;j, s0 Qi; = g;: NS and hence 7;,11(Qi;) = mj+1(§fj N'S) which, by (40), implies the claim. O

For a set S, C Sj11, let us define (Sy, )Sk+1(c Sk+2), as follows: Sk+1 =Sy if s ¢ 7Tk+1( v) NSy, and
§k+1 =S, Us Sk11 Ootherwise.
Claim 11. If S;(C Sy1) is (v, k + 1)-tight, then (Sp ©)S},1(C Sk+2) is (v, k + 2)-tight.

Proof. 1f sp41 ¢ w,];Jrl(v) N Sk, then, by §;€+1 =Sy, condition (39), Sp41,5%4+1 ¢ Sk = g;chl and the (v, k + 1)-
tightness Si, we have

res1(Sk) = 732(Shan)
> dk+2(7T;Tg+2(U) Sit1)
= dyga(m, () NSy)
= 7“/Lz+1( k)-

Hence equality holds everywhere and S/ 4a1 18 (v, k + 2)-tight.
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Ifspiq € 7711+1(v)ﬂ§k, then, by §§g+1 = gkU§k+1, the definition of ryy9, Sp11 € gk, the (v, k 4+ 1)-tightness
Sk, the modularity of dy.1, the definition of di 9, the modularity of dy o, we have

rk+2(§;c+l) = 7e2(Sk USet)
= 741(Sk Usps1)
= 741(Sk)
= dpa(mhy (0) N Sy)
= dp1(mhy () 0 Sk \ sk41)) + digr (Se11) = pkgr + presn
= diyo(mh o (0) N (Sk \Skt1)) + disa(Skat) + dis2(Sk41)
= dipa(m) o (v) N (Sp USit1))
= dpa(m] () N Shpy),

that is S, | is (v, k + 2)-tight. O

For a fixed j € {1,...,¢}, by applying repeatedly Claim 11 starting by § , we have that S* cgs

45 j+1 —
Sij+1+1 is a (U,ij+1 + 1)-tight set.

Claim 12. T¢j+1(§fj ns) < Tij+1+1(§’f

i1 N S).
Proof. First we remark that §; , ¢ 52]“- Indeed, since the arc a;, , enters v and leaves m;, ,(si;,,),
Sijp & W;Ljﬂ (v), and then, by definition of ngﬂ, the remark follows.

Note that, by the (v,ij41 + 1)-tightness of g;‘jﬂ and S;Hl, Claim 8, the maximality of g;‘jﬂ and §;, | ¢

S 141> We have
Sier © St \ i (41)
By Claim 10, the (v,7j41 4 1)-tightness of Sfj the modularity of d;;, 11, the (v,i;41 + 1)-tightness of
S; e Sige1 € S: o (41), non-negativity of d;;,, 41, S C S; y dij 1 +1(5i;41) = ijea+1 > 0, we have
rijg11(55,,NS) = 1, 1(Sh,)
= digalml L (0)NSTL)
= dijya(ml G @)NS] ) il )0 (SN S L)
> rip 1 (S, )+ dig 1 Gig )
> 71i;41(S ij) + Mg 41
> 7i,01(55NS).

Claim 12 implies the lemma.

By Lemma 6, u; is attained by term (27) at most |V||S]| times.

Term (25): Now we know that the first, third and fourth terms are attained at most |A|, |[V|* and |V||S]
times respectively. Based on this, we estimate the number of times the second term is attained. When one
of the above three terms is attained, the cardinality of the ground set of the polymatroid increases by one.
Each element of the ground set can be chosen at most |V| times for the second term; indeed in this case
s; can be chosen as s; and 7;11(S;) = m;(s;) U v;. Therefore, p; can be attained by the second term at most

IVI(IS| + |A] + [V + [V]|S]) times.

Summing up, the total number of the executions of Procedure REDUCTION is strongly polynomial in |V|, |A|
and [S|. O
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Corollary 3. |S;| is polynomial in |V|,|A| and |S| for all i € {1,...,7}.
Theorem 13. Each Procedure REDUCTION can be executed in strongly polynomial time.

Proof. We only have to show that, for a given arc a; and element s; € S; such that a; € Ag(m(si)), the
following lemma holds.

Lemma 7. u; can be calculated in strongly polynomial time.

Proof. The first and the second terms, (24) and (25), can be obviously obtained in constant time.

(26) We want to minimize
JilX) = e Ap (X)) +74(m] (X) Usi) = 71(S5)

over X C V such that a; € A (X). We can get rid of the last condition by introducing for all X C V,

() = {0 a; € AL (X)

+o00 otherwise.
Then
min{f,(X) | X € V,a; € Ap(X)} = min{(f; +6)(X) | X €V}, (42)

It is well-known that ¢;(A,(X)) is a submodular function. By Theorem 8 and the facts that WJ(X ny)cC
WT(X) N ﬂ';r(Y) and WJ(X uyY) = W;(X) U WT(Y), the function fl-(WT(X) Us;) is submodular. Moreover, by

Theorem 8 and since |S;| is polynomial in |V, |A],|S|, the value f,(ﬂj(X) Us;) (and hence (f; 4+ 0;)(X)) can
be computed in strongly polynomial time for all X. By (30), ;(S;) = r(S) is constant for all 7. Note that
0;(X) is a submodular function. It follows that (f; + d;)(X) is a submodular function. Thus, by Corollary

3 and Theorem 5, (42) can be computed in strongly polynomial time.

(27) Since the function 7;(SU's;) — di(S) (S C ﬂj(v,)) is submodular, we can minimize it in strongly
polynomial time by Theorem 5. U

Lemma 7 immediately implies Theorem 13. U
We are ready to prove the main result of the paper.
Theorem 14. Problem 8 can be solved in strongly polynomial time.

Proof. 1t is clear that Steps 1, 3, and 5 can be executed in strongly polynomial time. By Theorem 13, in Step
2, for a given pair of a € A and s € S;, Procedure REDUCTION can be executed in strongly polynomial time.
The number of such pairs in Step 2 is at most |A||S;|, which is, by Corollary 3, polynomial in |V|,|A],|S].
Thus Step 2 can be executed in strongly polynomial time. By Corollary 3, for ¢+ 1 from 7 to 2, the solution
of Problem 8 for each instance (D, ¢;, P;,d;, ;) provided in Steps 3 and 4 can be constructed in strongly
polynomial time and the number of instances is equal to 7, which, by Theorem 12, is strongly polynomial
in |V|,]A4],|S|, and the theorem follows. O

From the above theorem, we obtain the following corollary.
Corollary 4. Problem 5 can be solved in strongly polynomial time.

Note that we can cope with Problem 8 (and hence Problem 5) in the case when the input is of rational
numbers similarly. Let us consider the problem which is similar to Problem 8 with the difference that the
capacity function, the demand function, the rank function of the input polymatroid and the output are
rational numbers. The same kind of result as Theorem 10 holds for this problem since we can multiply all
values with the smallest common multiple.
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5

Concluding remarks

In this paper, we consider the integral polymatroid-based arborescence packing problem. We deal with
two problem settings, the unsplittable version and the splittable version, which generalize the matroid-
based arborescence packing [1] both. The unsplittable version is strongly NP-complete, which is shown by
reduction from 3-PARTITION, whereas the splittable version can be solved in strongly polynomial time.
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