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1 Linear Programming Duality

For a minimization linear program, any feasible solution provides an upper bound on the optimal ob-
jective value of the linear program. But how can we provide a good lower bound on the optimal value?
In other words, given a solution that is claimed to be optimal, can we prove that this is indeed the
minimum solution? How do we prove that there is no solution with a smaller objective value?

In this lecture, we show how to compute a lower bound on the value of an optimal solution for a given
linear program corresponding to a minimization problem. (Note that “lower bound” can be replaced
by “upper bound” in the case of a maximization problem.) Such lower bounds have several useful
applications. For example, the first step in designing an approximation algorithm for a minimization
problem is to efficiently compute a “tight” lower bound on the optimal value. Moreover, it is often
expensive to compute the exact optimal solution for a linear program, and sometimes a lower bound
suffices.

To demonstrate the idea of duality, we consider the following linear program:

min Tx + 3y
subject to: c+y > 2
3x+y > 4
z,y > 0

How can we lower bound the optimal value of this linear program? Here are some easy lower bounds:

Tt+3y > z+y > 2,
Tr+3y >
Tx+3y >

Now consider the following: Multiply the second constraint by 2, and then add it to the first constraint.
We obtain the following:

(x4+y)+2Bx+y) =Tz + 3y
>2 >2(4)

> 10.

The above approach shows that 10 is the minimum feasible solution for the considered linear program.
In fact the solution (1,1) has objective value 10, so this solution is optimal. The method of linear
programming duality generalizes the above approach. The basic idea is to find the multipliers for the
constraints that yields the largest lower bound for a minimization linear program.

1.1 Another Example
Consider the following linear program:

max 4xq, + xo + dxsz + 324

subject to: ©1 — w9 —x3+ 34 < 1
5x1 + x9 + 3x3 + 8x4 < 55
—21 4+ 220 + 323 — by < 3

x; > 0. (P1)

We would like to compute an upper bound on the value z of an optimal solution.



e Multiplying the second constraint by % gives:

z < §x+§z+5x+@x <%
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e The sum of the last two constraints gives a better (smaller) upper bound:

z < 4dx1+4 3292+ 623+ 34 < B8

More generally, one can multiply each constraint C; by some variable y; > 0 and sum them. If:

Y1+ 5y2 — Y3
—Y1 + Y2 + 2y3
—y1 + 3y2 + 3ys
3y1 + 8y2 — Sys3
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then we have:

Y1 +55y2 +3ys > wyi(x1 —x2 — a3+ 3x4) + y2(5x1 + w2 + 3w3 + 8x4) + y3(—x1 + 222 + 323 — 5x4)
(y1 + By2 — y3)z1 + (—y1 + y2 + 2y3)z2 + (—y1 + 3y2 + 3ys)xs + (3y1 + 8y2 — Hys) x4
Z 41’1 + X2 + 51’3 + 3£C4.

This implies that y; + 55y2 + 3ys is an upper bound on z.

So to obtain the best (smallest) upper bound possible, let us consider the following linear program:

min  y; + 955y2 + 3y3

subject to: y; +5y2 —yz > 4
“y1t+y2+2ys > 1
—y1+3y2+3ys > 5
3y1 +8y2 — Sy > 3

Y1,Y2,y3 = 0. (D1)

The linear program (D;)) is the dual of the primal linear program (P;f), which is in turn the dual of (D;]).

1.2 Primal(P) to Dual(D)

We now formally show how to obtain a dual linear program for a given primal linear program. Here, we
will consider the case in which the primal linear program is a minimization problem. The case in which
the primal linear program is a maximization linear program is analogous. The primal linear program
can be written in the following equivalent forms:

n
min cTx T Z;Cixi
. . n
subject to:  Ax i g subject to: Y ajx; > b; Vj<m (P)
x > i=1
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The dual linear program is obtained as follows:

m
max bjy;
max bTy jé:l ]yj
. T m
subject to ATy < ¢ — subject to Y ajy; < ¢ Vi<n @)
y > 0 j=1
y > 0 Vi<m

1. For each constraint in , we assign a multiplier variable y;.

2. For each variable in , we have a corresponding constraint in (@ that upper bounds the value
of the coefficient of that variable. (That is, after multiplying each constraint in with its
corresponding multiplier and then summing all of these constraints, the coefficient corresponding
to each variable in should be upper bounded by its corresponding coefficient in the primal
objective function.)

3. The dual objective function maximizes the lower bound on by maximizing bTy.

Note that if the j** constraint in the primal is in the form > or <, then the corresponding variable
y; is constrained to be nonnegative. However, if the 4t constraint is an equality constraint, then the
corresponding variable y; is unconstrained. To see why this is the case, consider the following example.

max xi1 -+ X2+ 3
subject to: — 2x1 + 4xo + bxg < 3
41 + 29 — 33 = 2
r1,Ta,x3 > 0. (P2)

This is equivalent to:

max i+ T2+ T3

subject to: — 2x1 + 4xo + 53 < 3

4(E1+(E2—3.’E3 S 2

74%1 — T2 + 3563 S —2
x1,x2,x3 > 0. (P2)
Now, when we take the dual, we have:

min 3y + 2y2 — 2y3

subject to: — 2y; + 4y, —4ys > 1

dy1 +y2 —yz3 >1
S5y1 —3y2 +3yz > 1

Y1,Y2,y3 = 0. (Dy)
Let y4 = yo — y3. Then, (D2 is equivalent to:

min 3y + 2y
subject to: — 2y; +4yh > 1

dy +yp > 1
Syp — 3yh > 1
Y1 Z 07 (DQ)

where the variable y} is unconstrained.



2 Certificates of Optimality

It might seem that there is no benefit in solving the dual linear program; if obtaining such a lower bound
requires us to solve a linear program, why not simply solve the primal linear program? However, note
that once we have solved the dual linear program, the multipliers obtained (i.e. the y; values) can be
used to prove that an optimal solution to the primal linear program is indeed optimal. Given these
multipliers, the process of verifying optimality (by a third party) can be much faster than (re)solving
the primal linear program.

In other words, if we find solutions for both the primal and the dual and these solutions have the
same values, then this is a certificate of optimality. There is no need to re-run the computation (e.g.
re-run the simplex algorithm) to convince someone else of the optimality of the proposed solution. For
example, the optimal solution for is (0,14,0,5) with objective value 29. The optimal solution for
is (11,0, 6), also with an objective value of 29. These solutions prove that both and have
optimal value 29, and one can easily check that these solutions have these objective values.

These certificates of optimality are closely related to NP certificates. Consider the following decision
problems:

1. Does have an optimal solution with value < ~7
2. Does have an optimal solution with value > ~?

To answer the first question, we can provide an x such that x is a feasible solution for and cTx < 7.
This shows that the problem of deciding the answer to the first question is in NP. To answer the second
question, we can provide a y such that y is a feasible solution for @ and bTy > . This shows that
the problem of deciding the answer to the first question is in co-NP.

The theory of linear programming duality is attributed to Von Neumann [vN63| and Gale, Kuhn and
Tucker [GKT51]. Thus, they showed that the (decision) linear programming problem is in NPNco-NP
well before these complexity classes were defined! Many people believe that belonging to NPNco-NP is a
good indication that a problem has a polynomial-time algorithm, which was later proved to be the case
for linear programming by Khachiyan [Kha80)].

3 Weak and Strong Duality

The Weak Duality Theorem states that any feasible solution to the dual linear program is a lower bound
on the optimal value of the corresponding primal linear program.

Theorem 1. (Weak Duality) If x is a primal-feasible solution and 'y is a dual-feasible solution, then
c’x > bTy.

Proof.
by = biy; < 3O Ajiwi)y;
J joi
=D Ajyjri <Y e =cTx.
ioJ i

O

We now state the Strong Duality Theorem. However, there are many applications where Weak
Duality suffices.

Theorem 2. (Strong Duality) If x is an optimal primal-feasible solution and'y is an optimal dual-
feasible solution, then ¢Tx = bTy (i.e., the optimal objective value of the primal equals the optimal
objective value of the dual). Furthermore, if the primal is unbounded, then the dual is infeasible.



3.1 Outcomes for Pairs of Primal/Dual Linear Programs

Recall that a linear program has three outcomes: (i) a bounded optimal solution, (ii) unbounded, or (iii)
infeasible. Let us consider what happens for the primal and dual:

(P) OPT | (P) Unbounded | (P) Infeasible
(D) OPT Yes No No
(D) Unbounded No No Yes
(D) Infeasible No Yes Yes

(i) The table is symmetric since the dual of the dual is the primal.

(ii) Strong Duality: Bounded optimal value for the primal (P) iff bounded optimal value for the dual
(D).

(iii) Weak Duality: if the value o the primal (P) is unbounded, its value is arbitrarily large. Thus, we
have an arbitrarily large lower bound on the value of the dual (D), which is therefore infeasible.

(iv) Exercise: Find a linear program such that both primal and dual are infeasible!

3.2 Complementary Slackness

Recall our canonical linear programs, where A € R™*" b € R™, ¢ € R" are given, and x € R", y € R™
are the vectors of unknown variables.

min ¢™x
Ax>Db
x>0 (P)

max bTy
ATy <c
y=>0 (D)
Strong duality ensures that if both and @]) have finite optima, they are equal. Assume this is the
case. Then, for the optima x* and y* of the primal and dual programs, respectively, we have

n

Tx =Y el 2 O Ajy)ar => O Ayl > by, =bTy.
i=1 j=1

i=1 j=1 j=1 i=1
Since cTx* = bTy*, the first and second inequalities should hold with equality. This implies that:
m
Primal complementary slackness: Either Z Ajiy; = c;or xp = 0.
j=1

n
Dual complementary slackness: ~ Either Z Ajixy =bj or y; =0.
i=1

These conditions are together terms as the (full) complementary slackness conditions. They state that
either zf = 0 or the corresponding dual constraint is tight (or both). Similiarly, either y; = 0 or the



corresponding primal constraint is tight (or both). In other words, if 7 > 0, then the corresponding
dual constraint is tight. Similarly, if y* > 0, then the corresponding primal constraint is tight. If a dual
constraint is not tight, then the corresponding primal variable =} must be zero. The same holds for a
primal constraint and the respective dual variable.

A nice application of complementary slackness is to derive an optimal dual solution from an optimal
primal solution without explicitly solving the dual (e.g., using the simplex algorithm). Let us consider
the primal and dual linear programs that we saw previously.

max 4xq + T + dxs + 314

subject to: 1 —x9 —x3+3x4 < 1
5x1 + x2 + 3x3 + 8x4 < 55
—x1 + 220+ 323 —dry < 3

;> 0 (P1)

min y; + 95y + 3y3

subject to: y; + 5y —yz > 4
—y1+y2+2y3 > 1
—y1+3y2+3ys > 5
3y1 +8y2 —dyz > 3

Y1,Y2,y3 = 0 (D1)

An optimal solution for is (0,14, 0,5). This means that the following dual constraints must be tight.

—y1 +y2 +2y;3
3y1 +8y2 —dys = 3.

From these two equations, we can eliminate two variables.

y1 = 11— 21ys,
ys = 6—1lys.

Moreover, we note that the second constraint in ([Py)) is not tight. Thus, y2 = 0. From this, we conclude
that (11,0, 6) is an optimal dual solution.
4 Konig’s Theorem for Bipartite Graphs

Strong duality can be used to prove the following theorem.

Theorem 3. (Konig’s Theorem) For a bipartite graph G = (V, E),
max{|M|: M is a matching of G} = min{|S| : S is a vertex cover of G}.

Let G = (V, E) be a bipartite graph and let V' = AU B, where A and B are the two sides of the



bipartition of V. Consider the following linear programming relaxation for the matching problem.

ijelR
subject to: Z x5 <1, forallie A,
jijeE
subject to: Z x5 <1, forall jeB,
iij€E

Now we will take the dual. We use a; variables for the first set of constraints and b; variables for the

second set of constraints.
min Z a; + Z b;

i€A jeB
subject to: a; +b; > 1, forallij € E,
a;,b; > 0. (LPyc)

Note that (LPycl) is a relaxation of the vertex cover problem. Let M (G) denote the size of the maximum
matching in G and let VC(G) denote the size of the minimum vertex cover in G. Let Mpp(g) and

VCprp(G) denote the optimal values of (LPy|) and (LPy ), respectively. By strong duality, we have
M(G) < MLp(G) =VCprp(G) < VC(G).

In Lecture 1, we showed that the (LPy| is an integer polytope (i.e., its extreme points are integral).
Therefore, to prove Konig’s Theorem, it suffices to show that (LPyc| is also an integer polytope on
bipartite graphs.

Lemma 4. An optimal solution of (LPyc| is integral.
Proof. Let {a},b7} denote an optimal solution for (LPyc|). Choose this solution so that it maximizes

(2
the number of vertices in A U B whose values are integral (i.e., either 0 or 1). Let ¥ C AU B be the
set of vertices whose a; or b} values are fractional (i.e., in the open interval (0,1)). Note that if F' = 0),
then we are are done. So assume that |F| > 1.

Without loss of generality, we assume that |[F'NA| > |[FNB|. Let ¢ = min{a} : ¢ € FNA}. We then
subtract € to all aj € F'N A and add € to all b7 € F'N B. Note that this strictly increases the number of
vertices whose values are integral, which is a contradiction (i.e., we can conclude that in fact F = ). It
remains to show that this new solution is still feasible. This follows from analyzing the following cases
for an edge ij € E.

1. i€ FNA,je FNB: af is decreased and b3 is increased the same amount, so the solution remains
feasible.

2. i€ A\ F,j € B\ F: neither endpoint changes value.

3. i€ A\ F,j € FN B: a} does not change and the value of bj is increased, so the solution remains
feasible.

4. i€ FNA,j € B\ F: the value of a] is decreased, but the value of b7 must already be 1 (since the
previous solution would not be feasible if it were 0).

O

Lemma [4] can be extended to weighted graphs; we increase the values in F'N A and decrease those in
FNnBitw(FNA) >wlFnNB).
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