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Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .

• the vertices have distinct identifiers (integers between 1 and
|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate
• each vertex only checks its certificate and the certificate of its

neighbors in order to accept or reject
• the attempt is rejected whenever (at least) one vertex rejects,

accepted otherwise
• Correctness : ∃ accepted attempt if and only if G ∈ F .

The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .
• the vertices have distinct identifiers (integers between 1 and

|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate
• each vertex only checks its certificate and the certificate of its

neighbors in order to accept or reject
• the attempt is rejected whenever (at least) one vertex rejects,

accepted otherwise
• Correctness : ∃ accepted attempt if and only if G ∈ F .

The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .
• the vertices have distinct identifiers (integers between 1 and

|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate

• each vertex only checks its certificate and the certificate of its
neighbors in order to accept or reject

• the attempt is rejected whenever (at least) one vertex rejects,
accepted otherwise

• Correctness : ∃ accepted attempt if and only if G ∈ F .
The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .
• the vertices have distinct identifiers (integers between 1 and

|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate
• each vertex only checks its certificate and the certificate of its

neighbors in order to accept or reject

• the attempt is rejected whenever (at least) one vertex rejects,
accepted otherwise

• Correctness : ∃ accepted attempt if and only if G ∈ F .
The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .
• the vertices have distinct identifiers (integers between 1 and

|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate
• each vertex only checks its certificate and the certificate of its

neighbors in order to accept or reject
• the attempt is rejected whenever (at least) one vertex rejects,

accepted otherwise

• Correctness : ∃ accepted attempt if and only if G ∈ F .
The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .
• the vertices have distinct identifiers (integers between 1 and

|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate
• each vertex only checks its certificate and the certificate of its

neighbors in order to accept or reject
• the attempt is rejected whenever (at least) one vertex rejects,

accepted otherwise
• Correctness : ∃ accepted attempt if and only if G ∈ F .

The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Definition

Let F be a class of graphs. Given a connected graph G , the goal is
to convince the vertices of G that G belongs to F .
• the vertices have distinct identifiers (integers between 1 and

|V (G)|, for simplicity in this talk), and have infinite
computational power

• each vertex receive a certificate
• each vertex only checks its certificate and the certificate of its

neighbors in order to accept or reject
• the attempt is rejected whenever (at least) one vertex rejects,

accepted otherwise
• Correctness : ∃ accepted attempt if and only if G ∈ F .

The goal is to provide small local certificates. → local complexity

2/15



Local certification Geometric graph classes Conclusion

Examples

F = {bipartite graphs}
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From constant to quadratic

→ k-colorable : certificates of size ⌈log k⌉

Theorem [Göös, Suomela 2016]

Certificates of Ω(n2/ log n) bits per vertex are needed for
non-3-colorability.

Observation
Any class of n-vertex connected graphs can be certified locally
with certificates of O(n2) bits per vertex.

Certificate. Give the adjacency matrix to each vertex.
Verification. Each vertex checks that it was given the same matrix
as its neighbors, and that the matrix is consistent with its local
view.
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Trees

Observation
n-vertex trees can be certified locally with certificates of
O(log n) bits per vertex.

Certificate. We choose a root r and give to each vertex v the
identifier id(r ) and its distance f (v) to r .
Verification. Each vertex v checks that it has at most one neighbor
u with f (u) ≤ f (v).
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Warm-up : dumbbell graphs

Theorem [Göös, Suomela 2016]

Certificates of Ω(n2) bits per vertex are needed for some
graph class F .

H H

G (H ,H) ∈ F

H connected

v0
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Warm-up : dumbbell graphs
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Certificates of Ω(n2) bits per vertex are needed for some
graph class F .

v0 must receive a certificate of size Ω(n2)

v0

If not: certificate c

H2H1

same certificate as for G (H1,H1) same certificate as for G (H2,H2)

all vertices accept ! but G (H1,H2) /∈ F
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Geometric graph classes

Theorems [FFMRRT’21, JMRR’23+]

There are local certifiers on O(log n) bits for :
• planar graphs,
• interval graphs,
• chordal graphs,
• circular-arc graphs,
• trapezoid graphs,
• permutation graphs.

→ Any class of intersection graphs has small local certifiers ?
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Lower bounds : example on the square grid

Defrain, Esperet, L., Morin, Raymond’24

The class of all subgraphs of the square grid needs Ω(n) bits
certificates.

Sketch of proof Given two subsets A, B ⊆ {1, ..., N} construct
two graphs L(A) and R(B) such that :
gluing L(A) with R(B) results in a subgraph of the square grid if
and only if A is disjoint from B.
The cutset between L(A) and R(B) must contain all the
information to distinguish A from any other A′ ⊆ {1, ..., N}
(similar for B). → n bits
Otherwise, we can fool the vertices with some A′ intersecting B.
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Lower bounds : example on the square grid

N = 3,
A, B ⊆ {1, . . . N}

→ n
6 = Ω(n) bits

DL
3

DL
2

DL
1

c1

c2

3N + 3

L(A)
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Lower bounds : example on the square grid

N = 3,
A, B ⊆ {1, . . . N}

→ n
6 = Ω(n) bits

c1

c2

L(A)

A = {1, 3} ≡ 101

R(B)

B = {1, 2} ≡ 110

DL
3

DL
1

DR
3

DR
2

A ∩B = ∅?

9/15



Local certification Geometric graph classes Conclusion

Upper bounds
C : class of graphs
Cn : n-vertex graphs in C (up to isomorphism)

C can be certified with log(|Cn|) + O(log n) bits.

Sketch of proof Number n-vertex graphs of C on log(|Cn|) bits.
Certificate :
• number of vertices n → O(log n) bits
• number of G in Cn → log(|Cn|) bits
• name π(v) of v in the isomorphism → O(log n) bits
• + a spanning tree → O(log n) bits

Verifier : all agree + local isomorphism on neighborhood

|Cn| ≤ 2n → certifiable with O(n) bits.
|Cn| ≤ 2n log n → certifiable with O(n log n) bits.
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Optimal bounds

Defrain, Esperet, L., Morin, Raymond’24

The following classes have local complexity Θ(n):
• (induced) subgraphs of the square grid

• penny graphs
• triangle-free unit-square graphs
• 1-planar graphs
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Further results

Defrain, Esperet, L., Morin, Raymond’24
The local complexity of :
• unit-distance graphs is : Ω(n) and O(n log n)

• unit-square graphs is : Ω(n) and O(n log n)
• unit-disk graphs is Ω(n1−ε) for any ε > 0 and

O(n log n)
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(Triangle-free) Unit square construction
N = 1

c2
c2

c1
c1

L(A) R(B)
A = {1} B = {1}
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Unit disk construction

N = 8
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Open questions
Some geometric classes are hard (linear or almost) to certify locally
̸= planar graphs that have O(log n) local complexity.

Other intersection graphs :

• segment graphs : hard ?
• string graphs : hard ?
• circle graphs (chords of a cycle) : easy ?

Close gap (O(n) upper bound ?) for:

• unit square graphs ?
• unit disk graphs ?
• unit distance graphs ?

More generally :
• Existence of a hereditary (or monotone) class of graphs with

Ω(n1+δ) local complexity ?

Thank you for your attention !
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Thank you for your attention !

15/15



Local certification Geometric graph classes Conclusion

Open questions
Some geometric classes are hard (linear or almost) to certify locally
̸= planar graphs that have O(log n) local complexity.
Other intersection graphs :
• segment graphs : hard ?
• string graphs : hard ?
• circle graphs (chords of a cycle) : easy ?

Close gap (O(n) upper bound ?) for:
• unit square graphs ?
• unit disk graphs ?
• unit distance graphs ?

More generally :
• Existence of a hereditary (or monotone) class of graphs with

Ω(n1+δ) local complexity ?

Thank you for your attention !

15/15



Local certification Geometric graph classes Conclusion

Open questions
Some geometric classes are hard (linear or almost) to certify locally
̸= planar graphs that have O(log n) local complexity.
Other intersection graphs :
• segment graphs : hard ?
• string graphs : hard ?
• circle graphs (chords of a cycle) : easy ?

Close gap (O(n) upper bound ?) for:
• unit square graphs ?
• unit disk graphs ?
• unit distance graphs ?

More generally :
• Existence of a hereditary (or monotone) class of graphs with

Ω(n1+δ) local complexity ?

Thank you for your attention !
15/15


	Local certification
	

	Geometric graph classes
	Conclusion

