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DEFINITION: A A VALUED WEIGHTING W
OF THE EDGES OF G 15 (ONSERVATIVE
IF THE WEIGHT OF ANY CIRCUIT 15
NON- NEGATIVE. |

NOTATION: LET F<E(@).

{-—4 IF ec F
W (e) = .
F') e A * IF c4&F

E XAMPLE :

THEOREM (MElI GU GUAN)

LET F BE A T-JOIU IN A GRAFT (GT)
THEN F 15 A MINIMUM T-Joiv [F
AND ONLY IF  Wr 13 CONSERVATIVE,



V(G T, W) € TG, T w)

QUESTIONS:

I GIVEN (G, T,w) DECIDE WHETHUER
EQUALITY HOLDS OR NOT.

2. CHARACTERIZE THE GRAPHS @
FOR WHICH T(G6,T,w)= V(GT,w)
FOR EVERY T AND W

% CHARACTERIZE THE GRAFTS (G T)
FOR WHICH T4, T, W)=V (G T W)
FOR EVERY W/,

L CHARACTERIZE THE GRAPHS Q@
FOR WHICH T(a,T) = V (6 T)
FOR EVERY T



ANSWERS:

1. NP-COMPLETE EVEN FOR PLANAR
GRAPHS (MIDDENDORE,PEEIFFER)

2. SERIES -PARALLEL GRAPHS (SEYMOUR)

3. GRAFTS (6,T) WHICH CAN NOT BE
T-CONTRACTED TO (Ky, V(Ka))

(SEYMOUR)
SIMPLE PROOF ( FRAMK, S2.)

I V{ nT ‘ onp
G(V;) COMNECTED,




QUESTION:

WHICH GRAPHS HAVE
THE PROPERTY THAT

'[:(G,T)-:))(G.T) For Au T,



THEOREM ( SEYMOUR)
IF G IS A BIPARTITE GRAPH THEN
T(G,T)=v(@aT) FOR EVErRYT T.

THEOREM (SEYMOUR)
[F G IS SERIES-PARALLEL THEN

T(G,T) = v(GT) FOR EVERY T

DEFINITION: A GRAPH G (S CALLED
SEYMOUR- GRAPH |F T(GT) =W(G,T) FOR ALLT.

THEOREM (GERARDS)
IF A GRAPH G CONTAINS NEITHER AN

ODD-Ki, MOR AN ODD PRISM AS A
SUBGRAPH THEN G IS A SEYMOUR -GRAPH.
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THEOREM (AGEEV, KoSTOCHKA, €2.)

A GRAPH G IS NOT A SEYMOUR
GRAPH |F AND ONLY IF THERE EX!IST

A CONSERVATIVE WEIGHTING AND TWO
CIRCUITS OF WEIGHT ZERO WHOSE

UNION 1S AN ODD Ky OR AN ODD PRISM,

PROOF : (GT) 1S A MINIMUM COUNTER -
EXAMPLE (T(6,T)>v(6,T) AND F Is
A MINIMUM T-Jom. -

() 1F §8®R): ReR] 15 AN OPTIMAL
2- PACKING OF T-CUTS THEN IT
DOES NOT CONTAIN A T-CutT ()
(weV(6)) TWICE.




THEOREM (LovA'S2)

IF G 1S A A-EXTENDABLE, NON - BIPARTITE
GRAPH, THEN IT CONTAINS AN EVEN

SUBDIVISION OF EITHER THE K4 OR
THE TRIANGULAR PRISM,

DEFINITION: G 15 4A-EXTENDABLE |F

IT IS CONNECTED ANDO EACH EDGE OF @
LIES |IN SOME PERFECT MATCMING OF 6.



LEMMA: LET G BE A CONNECTED
GRAPH AND LET XSV(@G) BE A CUT SET
OF G. ASSUME THAT K 1S A FACTOR
CRITICAL COMPONENT OF G—X SUEMH THAT
THE NEIGHBOURS OF K 1S EXACTLY X,
IF ¥OR G/(xuV(K)) THERE EXISTS A
CONSERVATIVE WEIGHTING SO THAT THWE
UNION OF TwO CIRCUITS OF WEIGHT O
IS AN ODD Ky OR AN ODD PRISM
THEN THE SAME IS TRUE ¥FOR G,




(2) T=Suix] AnvD F IS A PERFECT
MATCHING OF 6a(T).

(3) G(r) 1S BICRITICAL.

(H 1S BICRITICAL IF IT HAS AT LEAST
ONE EDGE AND H-um 1S FACTOR -
CRITICAL FOR ALL a6 V(H))

() EVERY BRICRITICAL GRAPH ON AT LEAST

FOUR VERTICES IS A-EXTEWBIDASBLE,
AND NON -BIPARTITE . 0



DEFINITION: LET F BE A MINIMUM
T-JOIN AND X.€ V(6) IN (46,T).

A(x):= MIN§We(P): P 1S AN (%,X,) PATH]
DISTANCE

D, := 6GET OF VERTEX SETS OF
CONMECTED COMPONENTS OF

G(fxeV(e): Ay 24 i) TYPE 4.

(Q ;= SET OF VERTEX SETS OF
CONNECTED COMPONENTS OF

G(fxeW(6): 40 £i})—
[x%e E(G): a(x)=ﬁ(g)=£}. TYPE 2.

M
a_i‘: U (11)‘, v Qt)

AWM

WITH MULTIPLICITY



EXAMPLE :
-4 _




THEOREM ( SEBD):

(4) \F xyeE(G) : M(x)-ﬁ@a)]éul.

Q) IF %¢DeR : |SO)aF| =4,
IF %X,eDeR: |o(D)nF| = O.

COROLLARY :
(1) T(6,T) =V (6,T)/2
15(°)= Xo ¢ DGJZ.f IS A MAXIMUM
2- PACKING OF T-CuTs,

(2) I DED,, THEN D<T AND G(D) IS
FACTOR-CRITICAL ,

(H 1S FACTOR-CRITICAL 1F H-ar
HAS A PERFECT MATCHMING ToR ALL mll)






IT. L' IS A-EXTENDABLE
IF L' 1S BIPARTITE




16
NON-BIPARTITE
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