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Abstract

Fortier et al. proposed several research problems on packing arborescences and settled some of
them. Others were later solved by Matsuoka and Tanigawa and by Gao and Yang. The last open
problem is settled in this article. We show how to turn an inductive idea used in the latter two
articles into a simple proof technique that allows to relate previous results on arborescence pack-
ings. We prove that a strong version of Edmonds’ theorem on packing spanning arborescences
implies Kamiyama, Katoh and Takizawa’s result on packing reachability arborescences and that
Durand de Gevigney, Nguyen and Szigeti’s theorem on matroid-based packing of arborescences
implies Király’s result on matroid-reachability-based packing of arborescences. Further, we de-
duce a new result on matroid-reachability-based packing of mixed hyperarborescences from a
theorem on matroid-based packing of mixed hyperarborescences due to Fortier et al.. Finally, we
deal with the algorithmic aspects of the problems considered. We first obtain algorithms to find
the desired packings of arborescences in all settings and then apply Edmonds’ weighted matroid
intersection algorithm to also find solutions minimizing a given weight function.

1. Introduction

This article deals with the packing of arborescences. We focus on concluding characterizations
of graphs admitting a packing of reachability arborescences from the corresponding theorems for
spanning arborescences in several settings. We first give an overview of the results in this article.
All technical terms which are not defined here will be explained in Section 2.

In 1973, Edmonds [4] characterized digraphs having a packing of k spanning r-arborescences
for some k ∈ Z+ and for some vertex r. Since then, there have been numerous generalizations
of this result. A first attempt is to allow different roots for the arborescences. A version with
arbitrary, fixed roots can easily be derived from the theorem of Edmonds. This generalization
has a significant deficiency occurring when some vertex is not reachable from some designated
root. In this case, the only information it provides is that the desired packing does not exist.
A concept to overcome this problem has been developed by Kamiyama, Katoh and Takizawa in
[17]. Given a digraph D and a multiset R of the vertex set of D, they wish to find a packing
{Br}r∈R of arborescences such that each Br has root r and contains all the vertices reachable in
D from r. They provide a characterization of these graph-multiset pairs. Their result has been
considered a breakthrough. As one of the main contributions of this article, we reprove their
theorem by a very simple reduction from a stronger form of Edmonds’ theorem.

Another way of generalizing the requirements on the packing of arborescences was introduced
by Durand de Gevigney, Nguyen and Szigeti in [2]. Given a digraph D and a matroid M on a
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set of roots R in the vertex set of D, they now wish to find a packing of arborescences containing
an r-arborescence for every r ∈ R such that every vertex of D that is not in R belongs to a
subset of the arborescences in the packing whose roots form a basis of M. A characterization
of graph-matroid pairs admitting such a packing of arborescences was found in [2]. A natural
combination of the two aforementioned generalizations was introduced by Király [20]. Given a
digraph D and a matroid M on a set R of roots in the vertex set of D, he wishes to find a packing
of arborescences containing an r-arborescence for every r ∈ R such that every vertex v of D that
is not in R belongs to a subset of the arborescences in the packing whose roots form a basis of
the matroid M|Rv where Rv is the set of roots in R from which v is reachable in D and M|Rv

is the restriction of M to Rv. A characterization of the graph-matroid pairs admitting such a
packing of arborescences was provided by Király [20]. We reprove this theorem by concluding it
from the theorem in [2]. We wish to mention that the last two results are presented in a form
which is different from the original one in [2] and [20], but both versions are equivalent.

Finally, there are attempts to also generalize the objects considered from digraphs to more
general objects like mixed graphs or dypergraphs. We consider a concept unifying all of these
generalizations where we want to find a matroid-reachability based packing of mixed hyperar-
borescences in a matroid-rooted mixed hypergraph. We derive a characterization of these mixed
hypergraph-matroid pairs from a characterization for the existence of a matroid-based packing
of mixed hyperarborescences in a matroid-rooted mixed hypergraph by Fortier et al. in [7]. This
generalizes results of Gao and Yang [13] and Matsuoka and Tanigawa [23].

A simple inductive proof technique is presented in three more and more general frameworks.
With an increasing generality of the results, the proofs become more and more involved. In order
to be able to understand the proof of the new result of this article we recommend the reader to
read all the proofs in the given order.

In the last part, we deal with the algorithmic aspects of our work. We first show that in
the first two settings, our proofs can be turned into polynomial time recursive algorithms for
finding the desired packings. In order to obtain algorithms that compute optimal weighted
solutions, we rely on matroid intersection. This is useful due to a result of Edmonds that
states that a common independent set of two matroids of a given size minimizing a given weight
function can be computed in polynomial time if polynomial time independence oracles for the
matroids are available [6]. A connection in the basic setting between arborescence packing
and matroid intersection has first been observed by Edmonds [5]. Later, Király, Szigeti and
Tanigawa managed to also model matroid-based packings of arborescences as the intersection of
two matroids yielding an algorithm for the weighted version of this problem [21]. In a first step,
we show how to extend their construction to mixed hypergraphs. In [21], also a rather involved
construction was given that modeled matroid-reachability-based packings of arborescences as
the intersection of two matroids. A similar construction for matroid-reachability-based packings
of mixed hyperarborescences in matroid-rooted mixed hypergraphs has recently been given by
Király [19]. We give a different algorithm for the weighted version of this problem. Making use
of the proof of our result characterizing matroid-rooted mixed hypergraphs admitting a matroid-
reachability-based packing of mixed hyperarborescences, we give a polynomial time algorithm
that uses the algorithm that computes a solution of minimum weight for the case of matroid-
based packings of mixed hyperarborescences and only uses elementary arguments otherwise. This
allows to avoid the very involved matroid construction the reachability condition imposes.

Section 2 contains the definitions we need in this article. Section 3 provides a more technical
and detailed overview of the results considered. Section 4 gives the reductions that yield our new
proofs. Section 5 deals with the algorithmic impacts of our results.
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2. Definitions

In this section, we provide the definitions and notation needed in the article. All graphs and
matroids and graphs considered in this article are finite. For a single element set {s}, we use s.

Let S be a finite set. We use 2S to denote the power set of S. Let f : 2S → Z be a function.
Then f is called submodular if f(X)+f(Y ) ≥ f(X∪Y )+f(X∩Y ) for all X,Y ⊆ S and modular
if f(X) + f(Y ) = f(X ∪ Y ) + f(X ∩ Y ) for all X,Y ⊆ S. Further, f is called non-decreasing if
f(X) ≤ f(Y ) for all X,Y ⊆ S with X ⊆ Y .

For basic notions of matroid theory, we refer to [8], Chapter 5. We only give the following
less common notation. Given a matroid M on a set R with rank function rM and a subset X of
R, we denote by M|X the restriction of M to X. By a basis of X we mean a basis of M|X.

2.1. Directed graphs

We first provide some basic notation on directed graphs (digraphs). Let D = (V,A) be a
digraph. For disjoint X,Y ⊆ V , we denote the set of arcs with tail in X and head in Y
by ρA(X,Y ) and |ρA(X,Y )| by dA(X,Y ). We use ρ+

A(X) for ρA(X,V − X), ρ−
A(X) for

ρA(V −X,X), d+
A(X) for |ρ+A(X)| and d−

A(X) for |ρ−A(X)|. We denote by N+
D (X) (N−

D (X))
the set of vertices v ∈ V −X such that D contains at least one arc from X to v (from v to X).
We call a vertex r of D a root in D if d−A(r) = 0 and a simple root if additionally d+A(r) ≤ 1.
This name is motivated by the role these vertices will play as the roots of arborescences.

For u, v ∈ V , we say that v is reachable from u in D if there exists a directed path from u to
v in D. For X ⊆ V , we denote by UD

X the set of vertices which are reachable in D from at least
one vertex in X, by PD

X the set of vertices from which at least one vertex in X is reachable in
D and by D[X] the subdigraph of D induced on X.

An arborescence is a digraph such that exactly one arc enters each vertex except one which
is a root and each vertex is reachable from this root. Observe that every arborescence contains
a unique root. An arborescence whose unique root is a vertex r is also called an r-arborescence.
An arborescence B is said to span V (B). By a packing of arborescences or arborescence packing
in D, we mean a set of arc-disjoint arborescences in D.

We define a (simply) rooted digraph as a digraph D = (V ∪ R,A) with R being a set of
(simple) roots. Given a rooted digraph D = (V ∪ R,A) and r ∈ R, an r-arborescence is called
spanning if it spans V ∪ r. If the r-arborescence spans all the vertices in V reachable in D from
r, then it is called reachability r-arborescence.

A (simply) matroid-rooted digraph is a tuple (D,M) where D = (V ∪ R,A) is a (simply)
rooted digraph and M = (R, rM) is a matroid with ground set R and rank function rM.

Given a matroid-rooted digraph (D = (V ∪ R,A),M = (R, rM)), we call an arborescence
packing {Br}r∈R matroid-based (matroid-reachability-based) if for all r ∈ R, the root of Br is r
and for all v ∈ V , the set of roots of the arborescences Br that contain v forms a basis of R (of
PD
v ∩R) in M.

2.2. Mixed hypergraphs

We now turn our attention to mixed hypergraphs. A mixed hypergraph is a tuple H =
(V,A ∪ E) where V is a set of vertices, A is a set of directed hyperedges (dyperedges) and E is
a set of hyperedges. A dyperedge a is a tuple (tail(a), head(a)) where head(a) is a single vertex
in V and tail(a) is a nonempty subset of V −head(a) and a hyperedge is a subset of V of size at
least two. A mixed hypergraph without hyperedges is called a directed hypergraph (dypergraph).
A dyperedge e⃗ is an orientation of a hyperedge e if e⃗ = (e− v, v) for some v ∈ e. A dypergraph

H⃗ = (V,A∪ E⃗) is an orientation of H if E⃗ is obtained from E by replacing e by an orientation of
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e for each e ∈ E . We say that H is a mixed graph if each dyperedge has a tail of size exactly one
and each hyperedge has exactly two vertices.

Let X ⊆ V. We say that a dyperedge a ∈ A enters X if head(a) ∈ X and tail(a)−X ̸= ∅ and

a leaves X if a enters V − X. We denote by ρ−
A(X) the set of dyperedges entering X and by

ρ+
A(X) the set of dyperedges leaving X. We use d−

A(X) for |ρ−A(X)| and d+
A(X) for |ρ+A(X)|.

We say that a hyperedge e enters or leaves X if e intersects both X and V −X and denote by
dE(X) the number of hyperedges entering X. We denote by N+

H(X) the set of heads of the

dyperedges leaving X and by N−
H(X) the union of tail(a)−X for all dyperedges a ∈ A entering

X. We call a vertex r a root in H if d−A(r) = dE(r) = 0 and tail(a) = {r} for all a ∈ ρ+A(r) and a
simple root if additionally d+A(r) ≤ 1. Given a subpartition {Vi}ℓ1 of V , we denote by eE({Vi}ℓ

1)
the number of hyperedges in E entering some Vi (i ∈ {1, . . . , ℓ}).

Making a directed trimming of a dyperedge a means that a is replaced by an arc uv with
v = head(a) and u ∈ tail(a). Making a directed trimming of a hyperedge e means that e is
replaced by an arc uv for some distinct elements u and v in e. The mixed hypergraph H is
called a mixed hyperpath (mixed hyperarborescence) if all the dyperedges and all the hyperedges
can be made into a directed path (an arborescence) through directed trimming. A mixed r-
hyperarborescence for some r ∈ V is a mixed hyperarborescence together with a vertex r where
the arborescence after the directed trimming can be chosen to be an r-arborescence. We also
say that a digraph obtained by making a directed trimming of a mixed hypergraph is a directed
trimming of that mixed hypergraph.

For a vertex set X ⊆ V , we denote by UH
X the set of vertices which are reachable from at

least one vertex in X by a mixed hyperpath in H, by PH
X the set of vertices from which at least

one vertex in X is reachable by a mixed hyperpath in H and by H[X] the mixed hypergraph on
vertex set X which contains all hyperedges and dyperedges of H which are completely contained
in X. A strongly connected component of a mixed hypergraph is a maximal set of vertices that
can be pairwise reached from each other by a mixed hyperpath.

We define a (simply) rooted mixed hypergraph as a mixed hypergraph H = (V ∪ R,A ∪ E)
with R being a set of (simple) roots. Given a rooted mixed hypergraph H = (V ∪R,A∪E) and
some r ∈ R, a mixed r-hyperarborescence is called spanning if it can be made into a spanning
r-arborescence by a directed trimming and reachability if it can be made into an r-arborescence
spanning all vertices in UH

r by a directed trimming. For some Z ⊆ A ∪ E , we denote by VZ all
the vertices in V which are contained in at least one hyperedge or dyperedge in Z and by RZ
all the vertices in R which are contained in at least one dyperedge in Z. A (simply) matroid-
rooted mixed hypergraph is a tuple (H,M) where H = (V ∪R,A∪E) is a (simply) rooted mixed
hypergraph and M = (R, rM) is a matroid with ground set R and rank function rM.

Given a matroid-rooted mixed hypergraph (H = (V ∪ R,A ∪ E),M = (R, rM)), a mixed
hyperarborescence packing {Br}r∈R is called matroid-based if every Br can be made into an
r-arborescence Br by a directed trimming such that {Br}r∈R is a matroid-based packing of
arborescences. A mixed hyperarborescence packing B = {Br}r∈R is called matroid-reachability-
based if every Br can be made into an r-arborescence Br by a directed trimming such that for all
v ∈ V , {r ∈ R : v ∈ V (Br)} is a basis of PH

v ∩R in M. We use A(B) for the set of dyperedges
contained in B and E(B) for the set of hyperedges contained in B. Further, given a weight
function w : A ∪ E → R, we abbreviate

∑
a∈A(B) w(a) +

∑
e∈E(B) w(e) to w(B).

For a hyperedge e ∈ E , its corresponding bundle Ae is the set of all possible orientations of
e, i.e. Ae = {(e− v, v) : v ∈ e}. The directed extension DH = (V ∪R,A∪AE) of H is obtained
by replacing every e ∈ E by its corresponding bundle. Note that AE =

⋃
e∈E Ae. We say that

a packing of hyperarborescences in DH is feasible if it contains at most one dyperedge of the
bundle Ae for all e ∈ E .
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2.3. Bisets

Finally, we introduce some notation on bisets. Given a ground set V , a biset X = (XO, XI)
consists of an outer set XO ⊆ V and an inner set XI ⊆ XO. We denote XO − XI , the wall
of X, by XW . For a subset C of V , a collection of bisets {Xi}ℓ1 is called a biset subpartition
of C if {Xi

I}ℓ1 is a subpartition of C into nonempty sets and Xi
W ⊆ V − C for i = 1, . . . , ℓ.

In a dypergraph D = (V,A), a dyperedge a ∈ A enters the biset X if tail(a) − XO ̸= ∅ and

head(a) ∈ XI . We use ρ−
A(X) for the set of dyperedges in A entering X and d−

A(X) for |ρ−A(X)|.

3. Results

This section introduces all the results considered and shows how our contributions relate to
the previous results.

3.1. Reachability in digraphs

The starting point of all studies on packing arborescences is the following theorem of Edmonds
[4] on packing spanning arborescences mentioned in a simpler form in the introduction.

Theorem 1. ([4]) Let D = (V ∪ R,A) be a simply rooted digraph. Then there exists a packing
{Br}r∈R of spanning r-arborescences in D if and only if for all X ⊆ V ∪R with X ∩ V ̸= ∅,

d−A(X) ≥ |R−X|. (1)

Theorem 1 has already been extended in [4] by omitting the simplicity condition.

Theorem 2. ([4]) Let D = (V ∪R,A) be a rooted digraph. Then there exists a packing {Br}r∈R

of spanning r-arborescences in D if and only if (1) holds for all X ⊆ V ∪R with X ∩ V ̸= ∅.

A simple proof of Theorem 1 due to Lovász and a slightly more involved similar proof of
Theorem 2 due to Frank can be found in [8]. Nevertheless, no way to conclude Theorem 2 from
Theorem 1 is known.

We now turn our attention to packing reachability arborescences. The following generalization
of Theorem 2 is equivalent to the fundamental result of Kamiyama, Katoh and Takizawa [17].
In [17], the simply rooted version is presented, however the rooted version can be easily reduced
to the simply rooted version. Indeed, by adding for every root r, a new vertex r′ and an arc r′r,
we obtain a simply rooted instance of the problem which is equivalent to the original one.

Theorem 3. ([17], [8]) Let D = (V ∪ R,A) be a rooted digraph. Then there exists a packing
{Br}r∈R of reachability r-arborescences in D if and only if for all X ⊆ V ∪R with X ∩ V ̸= ∅,

d−A(X) ≥ |PD
X ∩R| − |X ∩R|. (2)

Our first contribution is to show that surprisingly Theorem 2 implies Theorem 3. The very
simple inductive proof can be found in Section 4.

3.2. Reachability in matroid-rooted digraphs

We now present generalizations of the concepts above, namely matroid-based packings and
matroid-reachability-based packings.

The first result on matroid-based packings of arborescences is due to Durand de Gevigney,
Nguyen and Szigeti [2]. It is equivalent to the following theorem (see [25]).
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Theorem 4. ([2]) Let (D = (V ∪R,A),M = (R, rM)) be a simply matroid-rooted digraph. Then
there exists a matroid-based packing of arborescences in (D,M) if and only if for all X ⊆ V ∪R
with X ∩ V ̸= ∅ and X ∩R = N−

D (X ∩ V ) ∩R,

d−A(X) ≥ rM(R)− rM(X ∩R). (3)

We mention that the simplicity condition in Theorem 4 can be omitted. This result might
also be interesting for itself. It plays the same role for matroid-based packings as Theorem 2
played for spanning arborescence packings. While it is not known whether Theorem 1 implies
Theorem 2, the stronger matroid setting allows to directly derive the following theorem from
Theorem 4.

Theorem 5. Let (D = (V ∪R,A),M = (R, rM)) be a matroid-rooted digraph. Then there exists
a matroid-based packing of arborescences in (D,M) if and only if (3) holds for all X ⊆ V ∪ R
with X ∩ V ̸= ∅ and X ∩R = N−

D (X ∩ V ) ∩R.

It is easy to see that Theorem 5 follows from Theorem 4. Indeed, we may define a simply
matroid-rooted digraph (D′,M′) obtained from (D,M) by replacing every root r ∈ R by a set
Qr of |N+

D (r)| simple roots in the digraph such that N+
D′(Qr) = N+

D (r) and by |Qr| parallel copies
of r in the matroid. Since (D,M) satisfies (3), so does (D′,M′). By Theorem 4, there exists
a matroid-based packing of arborescences in (D′,M′), from which we obtain, by identifying all
vertices of Qr into r for all r ∈ R, a matroid-based packing of arborescences in (D,M).

A reachability extension of Theorem 4 was obtained by Király [20]. We deduce the following
slightly stronger version of it from Theorem 5 in Section 4.

Theorem 6. Let (D = (V ∪R,A),M = (R, rM)) be a matroid-rooted digraph. Then there exists
a matroid-reachability-based packing of arborescences in (D,M) if and only if for all X ⊆ V ∪R
with X ∩ V ̸= ∅ and X ∩R = N−

D (X ∩ V ) ∩R,

d−A(X) ≥ rM(PD
X ∩R)− rM(X ∩R). (4)

3.3. Generalizations to mixed hypergraphs

This part deals with another way of generalizing Theorem 1: rather than changing the re-
quirements on the packing, one can consider changing the basic objects of consideration from
digraphs to more general objects. One such generalization was dealt with by Frank, Király and
Király [10]. They considered dypergraphs instead of digraphs and they generalized Theorem 1
to dypergraphs. A result where the concepts of reachability and dypergraphs were combined
was obtained by Bérczi and Frank in [1]. Yet another class Theorem 1 can be generalized to was
considered by Frank in [9]: mixed graphs. He gave a characterization of mixed graphs admitting
a mixed spanning arborescence packing.

A natural question now is whether several of the aforementioned generalizations can be com-
bined into a single one. In [7], the authors surveyed all possible combinations of these general-
izations and gave an overview of all existing results. A significant amount of cases was covered
by Fortier et al [7]. They first prove a characterization combining the concepts of dypergraphs,
matroids and reachability. They further prove a theorem that combines the concepts of matroids,
hypergraphs and mixed graphs. This result can be stated as follows in our framework. We use
it in Section 4 for one of the reductions.

Theorem 7. ([7]) Let (H = (V ∪ R,A ∪ E),M = (R, rM)) be a simply matroid-rooted mixed
hypergraph. Then there exists a matroid-based packing of mixed hyperarborescences in (H,M) if
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and only if for every biset subpartition {Xi}ℓ1 of V with Xi
W = N−

H(Xi
I) ∩R for i = 1, . . . , ℓ,

eE({Xi
I}ℓ1) +

ℓ∑
i=1

d−A(X
i) ≥

ℓ∑
i=1

(rM(R)− rM(Xi
W )). (5)

3.4. Reachability in mixed graphs

Theorem 7 had a lot of corollaries generalizing Theorem 1, however, the cases of combinations
including both reachability and mixed graphs remained open. They seemed hard to deal with
as all natural generalizations failed. Indeed, it turned out that the remaining cases required a
deeper concept, namely the use of bisets. While the use of bisets in our statement of Theorem 7
is only for convenience, it is essential in the following theorems.

The following theorem is equivalent to the result of Matsuoka and Tanigawa [23] on reacha-
bility mixed arborescence packing, as it was shown in [13].

Theorem 8. ([23]) Let H = (V ∪R,A∪E) be a rooted mixed graph. Then there exists a packing
of reachability mixed r-arborescences {Br}r∈R in H if and only if for every biset subpartition
{Xi}ℓ1 of a strongly connected component C of H −R such that Xi

W = PH
Xi

W
for all i = 1, . . . , ℓ,

eE({Xi
I}ℓ1) +

ℓ∑
i=1

d−A(X
i) ≥

ℓ∑
i=1

(|PH
C ∩R| − |Xi

W ∩R|).

In [23], Matsuoka and Tanigawa suggest a possible generalization of Theorem 8 to the ma-
troidal case. Such a generalization was proven by Gao and Yang [13] using a slightly different
method than the one suggested in [23]. They proved the following result.

Theorem 9. ([13]) Let (H = (V ∪ R,A ∪ E),M = (R, rM)) be a matroid-rooted mixed graph.
Then there exists a matroid-reachability-based packing of mixed arborescences in (H,M) if and
only if for every biset subpartition {Xi}ℓ1 of a strongly connected component C of H − R such
that Xi

W = PH
Xi

W
for all i = 1, . . . , ℓ,

eE({Xi
I}ℓ1) +

ℓ∑
i=1

d−A(X
i) ≥

ℓ∑
i=1

(rM(PH
C ∩R)− rM(Xi

W ∩R)).

3.5. New results

The remaining open problems were the generalizations of Theorems 8 and 9 to mixed hyper-
graphs. Proving such generalizations is another contribution of this article. While such a result
can be obtained by the proof technique used by Gao and Yang [13] for Theorem 9, we follow a
different approach: we derive such a characterization from Theorem 7. Again, we first show that
the simplicity condition in Theorem 7 can be omitted.

Theorem 10. Let (H = (V ∪ R,A ∪ E),M = (R, rM)) be a matroid-rooted mixed hypergraph.
Then there exists a matroid-based packing of mixed hyperarborescences in (H,M) if and only if
(5) holds for every biset subpartition {Xi}ℓ1 of V with Xi

W = N−
H(Xi

I) ∩R for i = 1, . . . , ℓ.

Theorem 10 allows us to derive the following new theorem. Observe that this is a common
generalization of all the theorems mentioned before in this article. It includes all the theorems
surveyed in [7].
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Theorem 11. Let (H = (V ∪ R,A ∪ E),M = (R, rM)) be a matroid-rooted mixed hypergraph.
Then there exists a matroid-reachability-based packing of mixed hyperarborescences in (H,M) if
and only if for every biset subpartition {Xi}ℓ1 of a strongly connected component C of H−R such
that Xi

W = PH
Xi

W
for all i = 1, . . . , ℓ,

eE({Xi
I}ℓ1) +

ℓ∑
i=1

d−A(X
i) ≥

ℓ∑
i=1

(rM(PH
C ∩R)− rM(Xi

W ∩R)). (6)

We obtain the only remaining case, a generalization of Theorem 8 to mixed hypergraphs as
a corollary by applying Theorem 11 to the free matroid.

Corollary 1. Let H = (V ∪R,A∪E) be a rooted mixed hypergraph. Then there exists a packing
of reachability mixed r-hyperarborescences {Br}r∈R in H if and only if for every biset subpartition
{Xi}ℓ1 of a strongly connected component C of H−R such that Xi

W = PH
Xi

W
for all i = 1, . . . , ℓ,

eE({Xi
I}ℓ1) +

ℓ∑
i=1

d−A(X
i) ≥

ℓ∑
i=1

(|PH
C ∩R| − |Xi

W ∩R|).

4. Reductions

This section contains the proofs of the old and new theorems that we mentioned before. All
the proofs work by reductions from the spanning versions to the reachability versions.

4.1. Proof of Theorem 3

The proof uses Theorem 2 and is self-contained otherwise.

Proof. (of Theorem 3) Necessity is evident. For sufficiency, let D = (V ∪R,A) be a minimum
counterexample with respect to |V |. Obviously, V ̸= ∅. Let C ⊆ V be the vertex set of a strongly
connected component of D that has no arc leaving. Since each r ∈ R is a root, C exists. Note
that each vertex of C is reachable in D from the same set R2 of roots in R since D[C] is strongly
connected. We can hence divide the problem into two subproblems, a smaller one on reachability
arborescence packing and one on spanning arborescence packing.

Let the rooted digraph D1 be equal to D−C. Since no arc leaves C in D and D satisfies (2),
so does D1. Hence, by the minimality of D, D1 has a reachability arborescence packing {B1

r}r∈R.
We now create a second rooted digraph D2 = (V2∪R2, A2). Let V2 = C∪T where T = {tuv:

uv ∈ ρ−A(C)} is a set of new vertices. Let A2 contain A(D[C]), {rtuv : r ∈ R2, u ∈ UD
r , tuv ∈ T}

and for all tuv ∈ T, one arc from tuv to v and |R2| arcs from v to tuv.

Lemma 1. D2 satisfies (1).

Proof. Let X ⊆ V2 ∪R2 with X ∩V2 ̸= ∅. We must show that d−A2
(X) ≥ |R2−X|. If X ∩C = ∅,

then, by X ∩ V2 ̸= ∅, there exists some tuv ∈ X ∩ T . It follows that d−A2
(X) ≥ dA2(v, tuv) =

|R2| ≥ |R2−X|. If X∩C ̸= ∅, then, since D[C] is strongly connected, R2 = PD
C ∩R = PD

X∩C∩R.
Let Y = (V ∪R)−UD

R2−X , Z = (X ∩C)∪Y and uv ∈ ρ−A(Z). Since u /∈ Y , we get u ∈ UD
R2−X ,

so u ∈ UD
r̄ for some r̄ ∈ R2 − X. Since ρ−A(Y ) = ∅, we have v ∈ X ∩ C. If u ∈ C, then

u ∈ C − Z ⊆ C − X, so uv ∈ ρ−A2
(X). Otherwise, tuv ∈ T , so r̄tuv, tuvv ∈ A2. Since v ∈ X

and r̄ /∈ X, r̄tuv or tuvv ∈ ρ−A2
(X). Note that for distinct arcs in A entering Z distinct arcs in

A2 entering X have been found above. Thus, by (2), d−A2
(X) ≥ d−A(Z) ≥ |PD

Z ∩ R| − |Z ∩ R| =
|(PD

X∩C ∪ PD
Y ) ∩R| − |((X ∩ C) ∪ Y ) ∩R| = |R| − |R− (R2 −X)| = |R2 −X|.
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By Lemma 1 and Theorem 2, D2 has a spanning arborescence packing {B2
r}r∈R2 .

With the help of the packings {B1
r}r∈R inD1 and {B2

r}r∈R2 inD2, we construct a reachability
arborescence packing in D yielding a contradiction. For all r ∈ R−R2, let Br = B1

r and for all
r ∈ R2, let Br be obtained from the union of B1

r and B2
r − (R2 ∪ T ) by adding the arc uv for all

tuvv ∈ A(B2
r ). It is easy to see that {Br}r∈R is a reachability arborescence packing in D which

yields a contradiction.

4.2. Proof of Theorem 6

In this section, we show how to derive Theorem 6 from Theorem 5. The role of Theorem 5 in
the proof is similar to the role of Theorem 2 in the proof of Theorem 3. While the proof contains
similar ideas to the ones in the proof of Theorem 3, it is somewhat more technical.

Proof. (of Theorem 6) Necessity is evident. For sufficiency, let (D = (V ∪ R,A),M =
(R, rM)) be a minimum counterexample with respect to |V |. Obviously V ̸= ∅. Let C ⊆ V be
the vertex set of a strongly connected component of D that has no arc leaving. Since each r ∈ R
is a root, C exists.

Let D1 = (V1 ∪ R,A1) = D − C. Note that (D1,M) is a matroid-rooted digraph. By
d+A(C) = 0, we have d−A1

(X) = d−A(X) and PD1

X = PD
X for all X ⊆ V1 ∪ R. Then, since (D,M)

satisfies (4), so does (D1,M). Hence, by the minimality ofD, (D1,M) has a matroid-reachability-
based packing of arborescences {B1

r}r∈R.
We now define a matroid-rooted digraph (D2,M2) which depends on the arborescences

{B1
r}r∈R. Let R2 = PD

C ∩ R, M2 = M|R2 and D2 = (V2 ∪ R2, A2) where V2 = C ∪ T for
a set T = {tuv : uv ∈ ρ−A(C)} of new vertices and A2 contains A(D[C]), {rtuv : r ∈ R2, u ∈
V (B1

r ), tuv ∈ T} and for every tuv ∈ T , one arc from tuv to v and rM2
(R2) arcs from v to tuv.

Lemma 2. (D2,M2) satisfies (3).

Proof. Let X ⊆ V2 ∪R2 with X ∩ V2 ̸= ∅ and X ∩R2 = N−
D2

(X ∩ V2) ∩R2.
If X ∩ C = ∅, then, by X ∩ V2 ̸= ∅, there exists some tuv ∈ X ∩ T . It follows that

d−A2
(X) ≥ dA2(v, tuv) = rM2(R2) ≥ rM2(R2)− rM2(X ∩R2), so (3) holds for X in (D2,M2).

If X ∩ C ̸= ∅, then, since D[C] is strongly connected, we have R2 = PD
C ∩ R = PD

X∩C ∩ R.
Let R′ = spanM(X ∩R2), Y = (V ∪R)− UD

R−R′ and Z = (X ∩ C) ∪ Y. Then we have

rM(PD
Z ∩R) = rM(R2 ∪R′) = rM(R2) = rM2

(R2), (7)

rM(Z ∩R) = rM(R′) = rM(X ∩R2) = rM2
(X ∩R2). (8)

Claim 1. d−A2
(X) ≥ d−A(Z).

Proof. Let uv ∈ ρ−A(Z). Since u /∈ Y , we get u ∈ UD
R−R′ , so u ∈ UD

r̄ for some r̄ ∈ R−R′. Since

ρ−A(Y ) = ∅, we have v ∈ X ∩C. If u ∈ C, then u ∈ C −Z ⊆ C −X, so uv ∈ ρ−A2
(X). Otherwise,

uv enters C in D, so tuv ∈ T . If tuv ∈ X, then, since {r ∈ R : u ∈ V (B1
r )} is a basis of PD

u ∩R in
M, we have r̄ /∈ R′ = spanM(X ∩R2) = spanM(N−

D2
(X ∩V2)∩R2) ⊇ spanM(N−

D2
(tuv)∩R2) =

spanM({r ∈ R2 : u ∈ V (B1
r )}) = spanM({r ∈ R : u ∈ V (B1

r )}) ⊇ PD
u ∩R ⊇ {r̄}, a contradiction.

Thus tuv /∈ X and so tuvv ∈ ρ−A2
(X). Note that for distinct arcs in A entering Z distinct arcs in

A2 entering X have been found above, so the claim follows.

Claim 2. The set Z satisfies (4).

9



Proof. Observe that the claim does not directly follow from the assumption as Z does not
necessarily satisfy the condition Z ∩ R = N−

D (Z ∩ V ) ∩ R. We now define Z′ = (Z ∩ V ) ∪
(N−

D (Z ∩V )∩R). Then (Z −Z ′)∪ (Z ′ −Z) ⊆ R. Note that Z ′ ∩R = N−
D (Z ′ ∩V )∩R, hence Z ′

satisfies (4) by assumption. Next observe that no arc exists from Z −Z ′ to Z ∩ V and for every
r ∈ Z ′∩R, at least one arc exists from r to Z∩V . This yields d−A(Z) ≥ d−A(Z

′)+|Z ′−Z|. Finally,
we obtain (PD

Z ∩R)− (Z−Z ′) = PD
Z∩V ∩R ⊆ PD

Z′ ∩R, ((PD
Z ∩R)− (Z−Z ′))∪ (Z ∩R) = PD

Z ∩R
and ((PD

Z ∩R)−(Z−Z ′))∩(Z∩R) = Z∩Z ′∩R. Hence, since rM is subcardinal, non-decreasing
and submodular, we obtain

d−A(Z) ≥ d−A(Z
′) + |Z ′ − Z|

≥ rM(PD
Z′ ∩R)− rM(Z ′ ∩R) + rM(Z ′ − Z)

≥ rM((PD
Z ∩R)− (Z − Z ′))− rM(Z ∩ Z ′ ∩R)

≥ rM(PD
Z ∩R)− rM(Z ∩R),

and the claim follows.

By Claims 1 and 2, (7) and (8), we obtain d−A2
(X) ≥ d−A(Z) ≥ rM(PD

Z ∩R)− rM(Z ∩R) =
rM2

(R2) − rM2
(X ∩ R2), so (3) holds for X in (D2,M2). This completes the proof of Lemma

2.

By Lemma 2 and Theorem 5, (D2,M2) has a matroid-based packing of arborescences {B2
r}r∈R2

.
We finally give a construction of a packing of the desired form in (D,M) using the packings

{B1
r}r∈R and {B2

r}r∈R2 , which yields a contradiction.

Lemma 3. (D,M) has a matroid-reachability-based packing of arborescences.

Proof. For all r ∈ R − R2, let Br = B1
r and for all r ∈ R2, let Br be obtained from the union

of B1
r and B2

r − (R2 ∪ T ) by adding the arc uv for all tuvv ∈ A(B2
r ).

We first show that {Br}r∈R is a packing of r-arborescences. Since {B1
r}r∈R and {B2

r}r∈R2
are

packings, so is {Br}r∈R. For r ∈ R −R2, Br = B1
r is an r-arborescence. Now let r ∈ R2 and v

∈ V (Br)− r. If v /∈ C, then v ∈ U
B1

r
r ⊆ UBr

r and d−A(Br)
(v) = d−A(B1

r)
(v) = 1. Otherwise, v ∈ U

B2
r

r

and d−A(B2
r)
(v) = 1 and when tuvv ∈ A(B2

r ) is replaced by uv ∈ A(Br) then u ∈ V (B1
r ). Hence

we have v ∈ UBr
r and d−A(Br)

(v) = 1. Since r is a root, it follows that Br is an r-arborescence.

Finally, we show that the packing {Br}r∈R is matroid-reachability-based. For v ∈ V −C, we
have {r ∈ R : v ∈ V (Br)} = {r ∈ R : v ∈ V (B1

r )} which is a basis of PD1
v ∩ R = PD

v ∩ R in M
by d+A(C) = 0. For v ∈ C, we have {r ∈ R : v ∈ V (Br)} = {r ∈ R2 : v ∈ V (B2

r )} which is a basis
of R2 in M2, so a basis of R2 = PD

v ∩R in M.

Lemma 3 contradicts the fact that (D,M) is a counterexample and hence completes the proof
of Theorem 6.

4.3. Proof of Theorems 10 and 11

We first derive Theorem 10 from Theorem 7.

Proof. (of Theorem 10) Necessity is evident. For sufficiency, we define a simply matroid-
rooted mixed hypergraph (H′ = (V ∪ R′,A′ ∪ E),M′ = (R′, rM′)) obtained from (H,M)
by replacing every root r ∈ R by a set Qr of |N+

H(r)| simple roots such that N+
H′(Qr) = N+

H(r)
in the mixed hypergraph and by |Qr| parallel copies of r in the matroid.

Now let {Xi}ℓ
1 be a biset subpartition of V with Xi

W = N−
H′(Xi

I) ∩R′ for i = 1, . . . , ℓ. Let i
∈ {1, . . . , ℓ}. Let the biset Yi be defined as (Xi

I ∪ {r ∈ R : Qr ∩Xi
W ̸= ∅}, Xi

I). Observe that
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Y i
I = Xi

I , Y
i
W = N−

H(Y i
I ) ∩ R, d−A(Y

i) ≤ d−A′(Xi), rM(R) = rM′(R′) and rM(Y i
W ) = rM′(Xi

W ).

Then, by (5) applied for {Yi}ℓi=1, we obtain eE({Xi
I}ℓ1) = eE({Y i

I }ℓ1) ≥
∑ℓ

i=1(rM(R)−rM(Y i
W )−

d−A(Y
i)) ≥

∑ℓ
i=1(rM′(R′)− rM′(Xi

W )− d−A′(Xi)), that is (H′,M′) satisfies (5).
We may hence apply Theorem 7 to obtain in (H′,M′) a matroid-based packing of mixed

hyperarborescences {B′
r′}r′∈R′ with arborescences {B′

r′}r′∈R′ as directed trimmings like in the
definition. For all r ∈ R, let Br and Br be obtained from {B′

r′}r′∈Qr and {B′
r′}r′∈Qr by

identifying all vertices of Qr into r. Note that Br is a directed trimming of Br for all r ∈ R.
To show that {Br}r∈R is a packing of mixed hyperarborescences with the desired properties it
is enough to show that {Br}r∈R is a matroid-based packing of arborescences. Since {B′

r′}r′∈R′

is a packing, so is {Br}r∈R. Let r ∈ R. Since {r′ ∈ R′ : v ∈ V (B′
r′)} is independent in M′

for all v ∈ V and Qr is a set of parallel elements in M′, {B′
r′}r′∈Qr is a set of vertex-disjoint

r′-arborescences and hence Br is an r-arborescence. Moreover, for all v ∈ V , we have that
{r ∈ R : v ∈ V (Br)} is a basis of M because {r′ ∈ R′ : v ∈ V (B′

r′)} is a basis of M′.

We are now ready to derive Theorem 11 from Theorem 10. Again, the proof has certain
similarities to the previous ones.

Proof. (of Theorem 11) We first prove necessity. Suppose that there exists a matroid-
reachability-based packing of mixed hyperarborescences {Br}r∈R. By definition, for every r ∈ R,
there is an r-arborescence Br that is a directed trimming of Br with {r ∈ R : v ∈ V (Br)} being
a basis of PH

v ∩ R in M for all v ∈ V . Let {Xi}ℓ
1 be a biset subpartition of a strongly con-

nected component C of H − R such that Xi
W = PH

Xi
W

for all i = 1, . . . , ℓ. Let i ∈ {1, . . . , ℓ},
Ri = {r ∈ R − Xi

W : V (Br) ∩ Xi
I ̸= ∅} and v ∈ Xi

I . Then we have rM(Ri ∪ (Xi
W ∩ R)) ≥

rM({r ∈ R : v ∈ V (Br)}) = rM(PH
v ∩ R) = rM(PH

C ∩ R). Thus, by the subcardinality
and the submodularity of rM, we can bound the size of Ri from below: |Ri| ≥ rM(Ri) ≥
rM(Ri ∪ (Xi

W ∩ R)) − rM(Xi
W ∩ R) ≥ rM(PH

C ∩ R) − rM(Xi
W ∩ R). Since Xi

W = PH
Xi

W
, no

dyperedge and no hyperedge enters Xi
W in H. Then, by v ∈ Xi

I , every Br with r ∈ Ri has an
arc that enters Xi, that is Br contains either a dyperedge in A entering Xi or a hyperedge in E
entering Xi

I . Thus, since {Br}r∈R is a packing and by the above lower bound on |Ri|, we have

eE({Xi
I}ℓ1) +

∑ℓ
i=1 d

−
A(X

i) ≥
∑ℓ

i=1 |Ri| ≥
∑ℓ

i=1(rM(PH
C ∩R)− rM(Xi

W ∩R)), so (6) holds.

For sufficiency, let (H = (V ∪R,A∪E), M = (R, rM)) be a minimum counterexample with
respect to |V |. Obviously, V ̸= ∅. Let C be the vertex set of a strongly connected component of
H−R that has no dyperedge leaving. Since each r ∈ R is a root, C exists.

Let H1 = (V1∪R,A1∪E1) = H − C. Note that (H1,M) is a matroid-rooted mixed hyper-
graph. The fact that d+A(C) = dE(C) = 0 implies that for all X ⊆ V1 ∪ R, we have PH1

X = PH
X ,

for every subpartition P of V1 ∪R, we have eE(P) = eE1
(P), and for every biset X on V1 ∪R, we

have d−A1
(X) = d−A(X). Then, since H satisfies (6), so does H1. Hence, by the minimality of H,

(H1,M) has a matroid-reachability-based packing of mixed hyperarborescences {B1
r}r∈R. By

definition, B1
r can be made into an r-arborescence B1

r by a directed trimming for all r ∈ R such
that {r ∈ R : v ∈ V (B1

r )} is a basis of PH1
v ∩R = PH

v ∩R in M for all v ∈ V1.
We now define a matroid-rooted mixed hypergraph (H2,M2) which depends on the arbores-

cences {B1
r}r∈R. LetR2 = PH

C ∩R, M2 the restriction ofM to R2 and letH2 = (V2∪R2,A2∪E2)
be obtained from H[C] by adding a set T of new vertices ta for all a ∈ ρ−A(C) and the vertex set
R2 and by adding dyperedges a′ = ((tail(a)∩C)∪ ta, head(a)) for all ta ∈ T, the arcs rta for all
r ∈ R2, ta ∈ T with tail(a) ∩ V (B1

r ) ̸= ∅ and rM2
(R2) parallel arcs head(a)ta for all ta ∈ T .

Lemma 4. (H2,M2) satisfies (5).
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Proof. Let {Xi}ℓ
1 be a biset subpartition of V2 = C ∪ T with Xi

W = N−
H2

(Xi
I) ∩ R2 for all

i = 1, . . . , ℓ. We may suppose that there exists j ∈ {0, . . . , ℓ} such that Xi
I ∩ C ̸= ∅ for all

i ∈ {1, . . . , j} and Xi
I ∩ C = ∅ for all i ∈ {j + 1, . . . , ℓ}.

First let i ∈ {j + 1, . . . , ℓ}. By Xi
I ∩ V2 ̸= ∅, there exists some ta ∈ Xi

I ∩ T . It follows that a
enters C, so head(a) ∈ C. Since Xi

I ∩ C = ∅ and Xi
W ⊆ R, we obtain C ⊆ V −Xi

O. Thus the
number of dyperedges in A2 entering Xi is at least the number of arcs in A2 from head(a) to ta
which is rM2

(R2). Hence

0 ≥ rM2(R2)− d−A2
(Xi) ≥ rM2(R2)− rM2(X

i
W )− d−A2

(Xi). (9)

Let now i ∈ {1, . . . , j}. Let R′ = spanM(Xi
W ), Y i = (V ∪ R) − (UH

R−R′ ∪ C) and let the

biset Zi be defined as ((Xi
I ∩C)∪ Y i, Xi

I ∩C). Note that Zi
I = Xi

I ∩C and Zi
W ∩R = Y i ∩R =

R− (R−R′) = R′, so
rM(Zi

W ∩R) = rM(R′) = rM2
(Xi

W ). (10)

Since no dyperedge and no hyperedge leaves UH
R−R′ ∪ C = (V ∪R)− Y i, we have

Zi
W = Y i = PH

Y i = PH
Zi

W
. (11)

Claim 3. d−A2
(Xi) ≥ d−A(Z

i).

Proof. Let a ∈ ρ−A(Z
i) and v = head(a). Then v ∈ Zi

I = Xi
I∩C. If tail(a) ⊆ C, then a ∈ ρ−A2

(Xi).

Otherwise, the dyperedge a enters C and hence ta exists in T. If (tail(a) − Zi
O) ∩ C ̸= ∅,

then a′ ∈ ρ−A2
(Xi). In the remaining case, as a enters the biset Zi, there exists some u ∈

tail(a)−Zi
O −C = tail(a)− Y i −C. Then u ∈ UH

r̄ for some r̄ ∈ R−R′. If ta ∈ Xi
I , then, since

{r ∈ R : u ∈ V (B1
r )} is a basis of PH

u ∩R in M, we obtain

r̄ /∈ R′ = spanM(Xi
W )

= spanM(N−
H2

(Xi
I) ∩R2)

⊇ spanM(N−
H2

(ta) ∩R2)

= spanM({r ∈ R2 : tail(a) ∩ V (B1
r ) ̸= ∅})

⊇ spanM({r ∈ R : u ∈ V (B1
r )})

⊇ PH
u ∩R ⊇ {r̄},

a contradiction. It follows that ta /∈ Xi
I and hence, by Xi

W ⊆ R2, we have ta /∈ Xi
O. This

yields that a′ ∈ ρ−A2
(Xi). Note that for distinct dyperedges in A entering the biset Zi distinct

dyperedges in A2 entering the biset Xi have been found above, so the claim follows.

Since Zi
W ∩ C = ∅ for all i ∈ {1, . . . , j} and {Xi

I}ℓ1 is a subpartition of C ∪ T , we have that

{Zi}j1 is a biset subpartition of C. Then, by (11), we may apply (6) for {Zi}j1, so, by definition of

R2, (10), Claim 3 and (9), we have eE2({Xi
I}ℓ1) = eE2({Xi

I}
j
1) = eE({Zi

I}
j
1) ≥

∑j
i=1(rM(PH

C ∩R)−
rM(Zi

W ∩R)−d−A(Z
i)) ≥

∑j
i=1(rM2

(R2)−rM2
(Xi

W )−d−A2
(Xi)) ≥

∑ℓ
i=1(rM2

(R2)−rM2
(Xi

W )−
d−A2

(Xi)), that is (5) holds for {Xi}ℓ1 in (H2,M2). This completes the proof of Lemma 4.

By Lemma 4, (H2,M2) has a matroid-based packing of mixed hyperarborescences {B2
r}r∈R2

with r-arborescences {B2
r}r∈R2

as directed trimmings like in the definition. We finally give
a construction of a packing of the desired form in (H,M) using the packings {B1

r}r∈R and
{B2

r}r∈R2 , which yields a contradiction.
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Lemma 5. (H,M) has a matroid-reachability-based packing of mixed hyperarborescences.

Proof. For r ∈ R − R2, let Br = B1
r and for r ∈ R2, let Br be obtained from the union of B1

r

and B2
r − R2 − T by adding an arc uv for all arcs tav of B2

r for some u ∈ tail(a) ∩ V (B1
r ). As

in the proof of Theorem 6, we can see that {Br}r∈R is a packing of arborescences such that the
root of Br is r for all r ∈ R and {r ∈ R : v ∈ V (Br)} is a basis of PH

v ∩R in M for all v ∈ V .
Finally, for r ∈ R − R2, let Br = B1

r and for r ∈ R2, let Br be obtained from B1
r and

B2
r − R2 − T by adding the dyperedge a ∈ A for all a′ ∈ A(B2

r). The above argument shows
that this is a packing of mixed hyperarborescences in H (with arborescences {Br}r∈R as directed
trimmings) with the desired properties.

Lemma 5 contradicts the fact that (H,M) is a counterexample and hence the proof of The-
orem 11 is complete.

5. Algorithmic aspects

This section deals with the algorithmic consequences of our proofs. First in Subsection 5.1, we
provide algorithms for two unweighted problems in digraphs, namely finding a packing of reach-
ability arborescences and finding a matroid-reachability-based packing of arborescences. After,
we give an even stronger result in the most general setting: we show how to compute a matroid-
reachability-based packing of mixed hyperarborescences minimizing a given weight function in
polynomial time. In order to do so, we first provide a polynomial time algorithm for finding a
matroid-based packing of mixed hyperarborescences of minimum weight in a mixed hypergraph
in Subsection 5.2. Finally, we show how to use this algorithm and the proof of Theorem 11 to
find a matroid-reachability-based packing of mixed hyperarborescences of minimum weight in a
mixed hypergraph in polynomial time in Subsection 5.3.

5.1. Unweighted algorithms

For the basic case, we show that our proof of Theorem 3 yields a polynomial time algorithm
for finding the desired packing of reachability arborescences. We acknowledge that so does
the original proof in [17]. We first mention that the packings in Theorem 2 can be found in
polynomial time, either following the proof of Frank (Theorem 10.2.1 in [8]) or using the efficient
algorithm of Gabow [12]. Using this algorithm and the notation of Subsection 4.1, we now turn
our proof of Theorem 3 into a recursive polynomial time algorithm for finding the desired packing
of arborescences. It is clear that the vertex set C of a strongly connected component of D that
has no arc leaving can be found in polynomial time. Recursively, we first find the arborescences
B1

r (r ∈ R) in the smaller instance D1 in polynomial time. As the size of D2 is polynomial
in the size of D, we can apply the algorithm mentioned above to obtain the arborescences B2

r

(r ∈ R2) in polynomial time. The obtained arborescences can be merged efficiently to obtain
the arborescences Br (r ∈ R) as in the proof of Theorem 3. Clearly, this algorithm runs in
polynomial time and provides the packing {Br}r∈R of reachability r-arborescences in D.

For the matroidal case, we suppose that a polynomial time independence oracle for M is
given and show that our proof of Theorem 6 yields a polynomial time algorithm for finding the
matroid-reachability-based packing of arborescences. We acknowledge that so does the original
proof in [20]. We first mention that the packings in Theorem 4 can be found in polynomial time
if a polynomial time independence oracle for M is given as shown in [2]. It is easy to see that the
proof of Theorem 5 yields a polynomial time algorithm if a polynomial time independence oracle
for M is given. By similar arguments as before and the fact that we easily obtain polynomial
time independence oracles for all matroids considered, we obtain that the proof of Theorem 6
can be turned into a recursive polynomial time algorithm.
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5.2. Weighted algorithm for matroid-based packings of mixed hyperarborescences

This section is dedicated to giving a polynomial time algorithm for finding a matroid-based
packing of mixed hyperarborescences minimizing a given weight function in a mixed hypergraph.
We do so by modeling the hyper- and dyperedge sets of such packings as the intersection of two
matroids. This extends a method from [21].

We need the following result of Fortier et al. [7] that provides a polynomial time algorithm
to find a matroid-based packing of hyperarborescences in a matroid-rooted dypergraph.

Theorem 12 ([7]). Let (D,M) be a matroid-rooted dypergraph with a polynomial time inde-
pendence oracle for M being available. Then, we can decide in polynomial time whether a
matroid-based packing of hyperarborescences exists in (D,M). Further, if such a packing exists,
then we can compute one in polynomial time.

5.2.1. Relevant matroids

We here give the necessary matroids for this section. We first define Katoh-Tanigawa ma-
troids, then extended Katoh-Tanigawa matroids and finally entering matroids.

The first matroid is a straightforward extension of the construction of the graphic case in [21].
The authors of [21] also rely on ideas in [18]. It further generalizes the notion of hypergraphic
matroids which was introduced by Lorea [22] and later studied by Frank, Király and Kriesell
[11]. Let (H = (V ∪ R,A ∪ E),M = (R, rM)) be a simply matroid-rooted mixed hypergraph
with a polynomial time independence oracle for M being available. We consider the function
b(H,M) : 2

A∪E → Z defined as

b(H,M)(X ) = rM(R)(|VX | − 1) + rM(RX ) for all X ⊆ A ∪ E .

Lemma 6. The function b(H,M) is submodular on 2A∪E .

Proof. Since the cardinality function is modular, VY∩Z ⊆ VY ∩ VZ and VY∪Z = VY ∪ VZ for all
Y,Z ⊆ A ∪ E , we have that the function rM(R)(|VX | − 1) is submodular. Since the function
rM(RX ) is submodular and non-decreasing, RY∩Z ⊆ RY ∩ RZ and RY∪Z = RY ∪ RZ for all
Y,Z ⊆ A ∪ E , we have that the function rM(RX ) is submodular. It follows that the function
b(H,M) is submodular.

To define a matroid by the function b(H,M), we need the following result of Edmonds [3] (see
also in [8, Section 13.4]).

Theorem 13 ([3]). If b is an integer valued, non-decreasing and submodular function on 2S

for a ground set S with b(X) ≥ 0 for all nonempty X ⊆ S, then Ib = {X ⊆ S : b(Y ) ≥
|Y | for all nonempty Y ⊆ X} is the set of independent sets of a matroid on S.

We now define a set family on A ∪ E by the function b(H,M) as follows:

I(H,M) = {X ⊆ A ∪ E : b(H,M)(Y) ≥ |Y| for all nonempty Y ⊆ X}.
By Lemma 6 and Theorem 13, we have the following corollary. It was proven for the graphic

case in a slightly different form in [21].

Theorem 14. I(H,M) is the set of independent sets of a matroid on A ∪ E.

We refer to the matroid defined in Theorem 14 as the Katoh-Tanigawa matroid K(H,M).
For the algorithmic application, we need to show that a polynomial time independence oracle
for K(H,M) is available. As mentioned in [21], a method to find a polynomial time independence
oracle for K(H,M) in the graphic case has been given in [18]. For the sake of completeness,
we here show how to obtain a polynomial time independence oracle for K(H,M). To do so we
use submodular function minimization ([15, 16, 24]). In fact we must minimize a submodular
function on nonempty sets, so we need the following result of Goemans and Ramakrishnan [14].
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Theorem 15 ([14]). Let S be a ground set and b : 2S → Z a submodular function such that
b(X) can be computed in polynomial time for each X ⊆ S. Then min∅̸=X⊆S b(X) can be found
in polynomial time.

We are now ready to give the desired polynomial time independence oracle for the Katoh-
Tanigawa matroid.

Lemma 7. We can decide in polynomial time whether X ⊆ A∪ E is independent in the Katoh-
Tanigawa matroid K(H,M).

Proof. Let b′(X ) = b(H,M)(X ) − |X | for all X ⊆ A ∪ E . As a polynomial time independence
oracle for M is available, b(H,M)(X ) and hence b′(X ) can be computed in polynomial time for
all X ⊆ A ∪ E . Since, by Lemma 6, the function b(H,M) is submodular, so is b′. Therefore, by
Theorem 15, we can compute min∅̸=Y⊆X b′(Y) in polynomial time. Further, by definition, X is
independent in K(H,M) if and only if min∅̸=Y⊆X b′(Y) ≥ 0. This finishes the proof.

We need another matroid which is obtained by modifying the Katoh-Tanigawa matroid via
parallel extensions. The ground set of the extended Katoh-Tanigawa matroid Kex

(H,M) is A∪AE

and it is constructed from the Katoh-Tanigawa matroid K(H,M) by replacing every e ∈ E by |e|
parallel copies of itself, associating them to the elements in Ae. The following is an immediate
corollary of the construction of the extended Katoh-Tanigawa matroid and Lemma 7.

Corollary 2. We can decide in polynomial time whether X ⊆ A ∪ AE is independent in the
extended Katoh-Tanigawa matroid Kex

(H,M).

We finally adapt a matroid construction already used by Edmonds to rooted dypergraphs.
Given a simply rooted dypergraph D = (V ∪R,A) and k ∈ Z+, the entering matroid M⊕

(D,k) is

the direct sum of the uniform matroids of rank min{k, d−A(v)} on ρ−A(v) for all v ∈ V . Observe
that the ground set of this matroid is A as R is a set of roots.

5.2.2. Characterizations via matroid intersection

We first review a slight extension of a result of [21] characterizing matroid-based packings of
hyperarborescences in simply rooted dypergraphs as the intersection of two matroids. We then
conclude a generalization to matroid-based packings of mixed hyperarborescences from it.

The following result was proven in [21, Theorem 4.1] for the digraphic case in a slightly
different form. Its proof can be literally generalized to the case of dypergraphs.

Theorem 16. Let (D = (V ∪ R,A),M = (R, rM)) be a simply matroid-rooted dypergraph and
k = rM(R). Then the dyperedge sets of the matroid-based packings of hyperarborescences in
(D,M) are exactly the common independent sets of size k|V | of the Katoh-Tanigawa matroid
K(D,M) and the entering matroid M⊕

(D,k).

Recall that a packing of hyperarborescences in the directed extension DH of a rooted mixed
hypergraphH is feasible if it contains at most one dyperedge of the bundle Ae for every hyperedge
e of H. The following is an easy corollary of Theorem 16.

Corollary 3. Let (H = (V ∪R,A∪ E),M = (R, rM)) be a simply matroid-rooted mixed hyper-
graph, k = rM(R) and DH = (V ∪ R,A ∪ AE) the directed extension of H.The dyperedge sets
of the feasible matroid-based packings of hyperarborescences in (DH,M) are exactly the common
independent sets of size k|V | of the extended Katoh-Tanigawa matroid Kex

(H,M) and the entering

matroid M⊕
(DH,k).
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Proof. First let A′ be the dyperedge set of a feasible matroid-based packing of hyperarbores-
cences in (DH,M). By Theorem 16, A′ is a common independent set of size k|V | of the Katoh-
Tanigawa matroid K(DH,M) and the entering matroid M⊕

(DH,k). As the packing is feasible, A′

contains at most one dyperedge of the bundle Ae for all e ∈ E . It follows that A′ is also
independent in the extended Katoh-Tanigawa matroid Kex

(H,M).

Now let A′ be a common independent set of size k|V | of the extended Katoh-Tanigawa
matroid Kex

(H,M) and the entering matroid M⊕
(DH,k). It follows that A

′ is also an independent set

of the Katoh-Tanigawa matroid K(DH,M). Then, by Theorem 16, A′ is the dyperedge set of a
matroid-based packing of hyperarborescences in (DH,M). As A′ is independent in the extended
Katoh-Tanigawa matroid Kex

(H,M), A
′ contains at most one dyperedge of the bundle Ae for all

e ∈ E and so the packing is feasible.

It is easy to see the following relation between matroid-based packings of mixed hyperar-
borescences in (H,M) and feasible matroid-based packings of hyperarborescences in (DH,M).

Lemma 8. Let (H,M) = (V ∪ R,A ∪ E) be a matroid-rooted mixed hypergraph. Then for any
A′ ⊆ A and E ′ ⊆ E the following are equivalent:

(a) There exists a matroid-based packing B of mixed hyperarborescences in (H,M) such that
the set of dyperedges of B is A′ and the set of hyperedges of B is E ′,

(b) There exists an orientation E⃗ of E such that in the matroid-rooted dypergraph obtained there

exists a matroid-based packing of hyperarborescences whose dyperedge set is A′ ∪ E⃗ ′.

(c) There exists a feasible matroid-based packing B of hyperarborescences in (DH,M) such that
the set of dyperedges of A contained in B is A′ and {e ∈ E : B contains a dyperedge of Ae} =
E ′.

Observe that Lemma 8 and Corollary 3 establish a connection between matroid intersection
and matroid-based packings of mixed hyperarborescences.

5.2.3. The algorithm

To provide the desired algorithm, we need the following result on matroid intersection of
Edmonds [6].

Theorem 17 ([6]). Let M1 and M2 be two matroids on a common ground set S with polynomial
time independence oracles for M1 and M2 being available, w : S → R a weight function and
µ ∈ Z+. It can be decided in polynomial time if a common independent set of size µ of M1 and
M2 exists. Further, if such a set exists, then one of minimum weight with respect to w can be
computed in polynomial time.

We are now ready to show how Theorems 3 and 17 imply the following theorem which is the
main result of this section.

Theorem 18. Let (H = (V ∪R,A∪E),M = (R, rM)) be a matroid-rooted mixed hypergraph with
a polynomial time independence oracle for M being available and w : A∪E → R a weight function.
We can decide in polynomial time whether a matroid-based packing of mixed hyperarborescences
in (H,M) exists. Further, if such a packing exists, then we can compute one of minimum weight
with respect to w in polynomial time.
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Proof. Note that we may suppose that (H,M) is simply rooted. Indeed, using the polynomial
time algorithm for the simply rooted case, the proof of Theorem 10 can be turned into a poly-
nomial time algorithm for the rooted case by observing that the polynomial time independence
oracle for M trivially provides a polynomial time independence oracle for M′.

Let DH = (V ∪ R,A ∪ AE) be the directed extension of H, k = rM(R) and define w′:
A ∪AE → R by w′(a) = w(a) for all a ∈ A and w′(a) = w(e) for all a ∈ Ae for all e ∈ E .

By Lemma 8, it suffices to decide in polynomial time whether a feasible matroid-based packing
of hyperarborescences exists in (DH,M) and to find the dyperedge set of one of minimum weight
with respect to w′ in polynomial time if such a packing exists. Indeed, by Lemma 8, the dyperedge
set of this feasible matroid-based packing of hyperarborescences in (DH,M) is the dyperedge

set of a matroid-based packing of hyperarborescences in (H⃗,M) where H⃗ is an orientation of H.
Then, by Theorem 12, from the dyperedge set of the packing we can find the packing itself in
polynomial time. Finally, by Lemma 8, omitting the orientations of the dyperedges in AE of the
packing, we obtain a matroid-based packing of mixed hyperarborescences in (H,M).

By Corollary 3, it is enough to decide in polynomial time whether a common independent set
of size k|V | of the extended Katoh-Tanigawa matroid Kex

(H,M) and the entering matroid M⊕
(DH,k)

exists, and if such a set exists to find one of minimum weight with respect to w′ in polynomial
time. Since a polynomial time independence oracle for Kex

(H,M) is available by Corollary 2 and

a polynomial time independence oracle for M⊕
(DH,k) is easily available, the theorem follows from

Theorem 17.

5.3. Weighted algorithms for matroid-reachability-based packings of mixed hyperarborescences

This final section is dedicated to showing how to turn the proof of the Theorem 11 into a
recursive polynomial time algorithm for finding matroid-reachability-based packings of mixed hy-
perarborescences of minimum weight using the algorithm obtained in Theorem 18. The following
theorem is our main algorithmic result.

Theorem 19. Given a matroid-rooted mixed hypergraph (H = (V ∪ R,A ∪ E),M = (R, rM))
with a polynomial time independence oracle for M being available and a weight function w :
A ∪ E → R, we can decide in polynomial time whether a matroid-reachability-based packing
of mixed hyperarborescences in (H,M) exists. Further, if such a packing exists, then we can
compute one of minimum weight with respect to w in polynomial time.

Proof. We use the notation of the proof of the Theorem 11. It is known that we can find
in polynomial time the vertex sets of the strongly connected components of H and hence one
strongly connected component C that has no dyperedge leaving can be found in polynomial time.

We define the weight functions w1: A1 ∪ E1 → R and w2: A2 ∪ E2 → R as follows. Let
w1(e) = w(e) for all e ∈ A1 ∪E1 and let w2(e) = w(e) for all e ∈ A(C)∪E(C), w2(a

′) = w(a) for
all a′ ∈ ρ−A2

(C) and w2(a) = 0 for all a ∈ ρ−A2
(T ).

Recursively, we may suppose that we can decide in polynomial time if a matroid-reachability-
based packing of mixed hyperarborescences exists in (H1,M). If such a packing does not exist,
then no matroid-reachability-based packing of mixed hyperarborescences exists in (H,M). If
such a packing exists, then, recursively, we may suppose that one, B1, minimizing w1(B1) can be
computed in polynomial time. By Theorem 18, we can decide in polynomial time if a matroid-
based packing of mixed hyperarborescences exists in (H2,M2). If such a packing does not exist,
then no matroid-reachability-based packing of mixed hyperarborescences exists in (H,M). If
such a packing exists, then, one, B2, minimizing w2(B2) can be computed in polynomial time by
Theorem 18. We can construct in polynomial time the matroid-reachability-based packing B of
mixed hyperarborescences in (H,M) by merging B1 and B2 as in the proof of Lemma 5. Note
that w1(B1) + w2(B2) = w(B). We now prove the optimality of B in two steps.
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Lemma 9. There is a matroid-reachability-based packing B∗ of mixed hyperarborescences in
(H,M) that minimizes w(B∗) and extends B1.

Proof. Let B̂ = {B̂r}r∈R be a matroid-reachability-based packing of mixed hyperarborescences
in (H,M) minimizing w(B̂), ÂC = A(B̂)∩(A(C)∪δ−A(C)), ÊC = E(B̂)∩E(C) and F̂C = ÂC∪ÊC .

Now consider H′= (V ∪ R,A′ ∪ E ′) with A′ = A1 ∪ ÂC and E ′ = E1 ∪ ÊC . Observe that
B̂ is a matroid-reachability-based packing of mixed hyperarborescences in (H′,M) and B1 is a
matroid-reachability-based packing of mixed hyperarborescences in (H′ − C,M). The proof of
Theorem 11 implies that B1 can be extended to a matroid-reachability-based packing of mixed
hyperarborescences B∗ in (H′,M). As B∗ is also a matroid-reachability-based packing of mixed
hyperarborescences in (H,M) and B∗ extends B1, it suffices to prove that w(B∗) ≤ w(B̂) holds.

Let B̂1 be obtained from B̂ by deleting the vertices in C from each B̂r. Then, since d+A(C) =

dE(C) = 0, we obtain that B̂1 is a matroid-reachability-based packing of mixed hyperarbores-
cences in (H1,M). This yields w(B1) ≤ w(B̂1).

Let F = (A(B∗) ∪ E(B∗))− (A(B1) ∪ E(B1)). Since both B∗ and B̂ are matroid-reachability
based packings of mixed hyperarborescences in (H,M), we have |F| = rM(PC

H )|C| = |F̂C |. As

F ⊆ F̂C , we obtain F = F̂C .
These arguments yield w(B∗) = w(B1) + w(F) ≤ w(B̂1) + w(F̂C) = w(B̂) that finishes the

proof.

For r ∈ R2, let B∗
2,r be obtained from B∗

r by deleting the vertices not in C, by adding r and

the vertex set {ta : a ∈ ρ−A(C), head(a) ∈ U
B∗

r
r }, by adding a′ and rta if a ∈ ρ−A(C) ∩ A(B∗

r )

and by adding one of the copies of the arc head(a)ta if a ∈ ρ−A(C)−A(B∗
r ) and head(a) ∈ U

B∗
r

r .
As there are rM(R2) arcs from head(a) to ta, we can choose the B∗

2,r’s to be hyperedge- and

dyperedge-disjoint. Observe that for all a ∈ ρ−A(C), ta ∈ U
B∗

2,r
r if and only if head(a) ∈ U

B∗
2,r

r .
Then B∗

2 = {B∗
2,r}r∈R2

is a matroid-based packing of mixed hyperarborescences in (H2,M2),
so w2(B2) ≤ w2(B∗

2). Note that w(B∗) = w1(B1) + w2(B∗
2). Then, by the minimality of w(B∗),

we have w(B) ≥ w(B∗) = w1(B1) + w2(B∗
2) ≥ w1(B1) + w2(B2) = w(B). It follows that equality

holds everywhere and hence B is of minimum weight with respect to w.
Since a polynomial time independence oracle for M is available, polynomial time indepen-

dence oracles for all matroids considered are easily available. It follows that this algorithm runs
in polynomial time and we are done.
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