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Abstract

The problem of matroid-based packing of arborescences was introduced and solved
in [3]. Frank [I0] reformulated the problem in an extended framework. We proved
in [6] that the problem of matroid-based packing of spanning arborescences is NP-
complete in the extended framework. Here we show a characterization of the existence
of a matroid-based packing of spanning arborescences in the original framework. This
leads us to the introduction of a new problem on packing of arborescences with a new
matroid constraint. We solve two problems: on the one hand on mixed graphs having a
packing of mixed arborescences, on the other hand on dypergraphs having a packing of
dyperarborescences such that their roots form a basis in a given matroid, each vertex
belongs to exactly k of them and each vertex v is the root of least f(v) and at most
g(v) of them.

1 Introduction

Packing arborescences in directed graphs is a fundamental and well-studied problem in graph
theory. We introduce in this article a new problem on packing arborescences, called matroid-
rooted. It is closely related to the problem of matroid-based packing of arborescences that
was earlier introduced in [3].

The basic problem of packing of spanning arborescences with fixed roots is due to Ed-
monds [4]. Later Frank [7] solved the problem of packing of spanning arborescences with
flexible roots. In fact, Frank [7] (and independently Cai [2]) provided a result on (f,g)-
bounded packings of spanning arborescences where f(v) is a lower bound and g(v) is an
upper bound on the number of v-arborescences in the packing for every vertex v. Durand
de Gevigney, Nguyen, Szigeti [3] considered the problem of matroid-based packing of ar-
borescences. In this problem we are given a digraph D = (V| A), a multiset S of vertices in
V and a matroid M on S, and we want to have a packing B of (not necessarily spanning)
arborescences such that for every v € V, the set of roots of the arborescences in B that
contain v must form a basis of M. We gave in [3] a characterization of the existence of a
matroid-based packing of arborescences.

The above problems were generalized for mixed graphs by Frank [7], Gao,Yang [12], and
Fortier et al. [5], also for directed hypergraphs by Frank, Kiraly, Kiraly [11], Horsch, Szigeti
[14], and [5], and even for mixed hypergraphs in [5], [14], and [5], respectively.

Frank [I0] reformulated the problem of matroid-based packing of arborescences in the
extended framework, where the extended digraph can be obtained from D by adding a new
vertex and a new arc from this vertex to each element of S and the matroid is considered not
on S but on the corresponding new arcs. We proved in [6] that the problem of matroid-based
packing of spanning arborescences is NP-complete in the extended framework.



Here we show a characterization of the existence of a matroid-based packing of spanning
arborescences in the original framework. This leads us to the introduction of a new problem
on packing of arborescences with a new matroid constraint. Given a digraph D = (V, A), a
multiset S of vertices in V' and a matroid M on S, a packing B of (not necessarily spanning)
arborescences is called M-rooted if the set of roots of the arborescences in B is a basis of
M. Note that if each arborescence in B is spanning then the condition of M-based packing
coincides with the condition of M-rooted packing. We provide a characterization of the
existence of an M-rooted k-regular packing of arborescences. Here k-regular means that each
vertex must belong to exactly k of the arborescences. Note that if k is equal to the rank of the
matroid then the problem is equivalent to an M-rooted packing of spanning arborescences.
We will consider two generalization of our problem. The first contribution of this article
solves the problem of M-rooted (f, g)-bounded k-regular packing of hyperarborescences in
dypergraphs. This result will be obtained from the theory of generalized polymatroids.
The second contribution is the solution of the problem of M-rooted (f, g)-bounded k-regular
packing of mixed arborescences in mixed graphs. This result will be derived from its directed
version, which is the graphic case of the previous result, and a new orientation theorem.
Finally, we will propose a conjecture that would give a common generalization of our two
results.

The organization of this article is as follows. In Section [2] we provide all the definitions
we need. In Section [3| we give the list of known results that are important for this article.
In Section [4] we present our new results. In Section [5] we recall the main properties of
generalized polymatroids that will be applied to obtain one of our main results. Section [f]
contains the proofs of the main results. Finally, our conjecture can be found in Section [7]

2 Definitions

Let V be a finite set. The set of subsets of V is denoted by 2V. A set function on V is a
function defined on 2. For an element v of V, the set {v} will sometimes be shortened to v.
A subset of V may contain each element of V at most once. For a subset X of V, X denotes
V — X, the complement of X. Two subsets of V' are called intersecting if their intersection
is non-empty. By a partition of V we mean a set of disjoint subsets of V' whose union is V.
More generally, a set of disjoint subsets of V' is called a subpartition of V. For a subpartition
P of V, we denote by UP the vertex set which is the union of the members of P. A multiset
of V may contain multiple occurrences of elements. For a multiset S of V' and a subset X
of V, Sx denotes the multiset consisting of the elements of X with the same multiplicities
as in S.

The sets of reals, integers and non-negative integers are denoted by R, Z and Z, re-
spectively. A real vector m on V will be denoted by m € RY. The set function cog has the
value oo everywhere except for the empty set where it has value 0. For k € Z and g € ZV,
we define g, € ZV as gi.(v) = min{g(v), k} for all v € V.

A set function b on V is called non-decreasing if holds and subcardinal if holds.

b(X)
b(X)

b(Y)forall X CY CV, (1)

<
< |X|forall X C V. (2)

Set functions m, b and p on V are called modular, submodular and supermodular if for all
XY CV, , and hold, respectively. We say that p is intersecting supermodular if



holds for all intersecting subsets X and Y of V.

m(X)+mY) = mXNY)+(XUY), (3)
B(X)+b(Y) > bXNY)+bXUY), (4)
p(X)+p(Y) < p(XNY)+p(XUY). (5)

We use usual notions from matroid theory. Let S be a finite ground set and r a non-
negative integer valued function on S such that (@) = 0, r is subcardinal, non-decreasing
and submodular. Then M = (S,r) is called a matroid. The function r is called the rank
function of the matroid M. For a matroid M, its rank function will be denoted by ry. An
independent set of M is a subset X of S such that rv(X) = | X|. Any subset of an independent
set is also independent. The set of independent sets of M is denoted by Zp. A maximal
independent set of M is called a basis of M. Every basis of a matroid has the same size,
namely v (5).

Let D = (V, A) be a directed graph, shortly digraph, where the non-empty finite set V'
is the set of vertices of D and the finite set A is the set of arcs of D. An arc e = uv is an
ordered pair of different vertices, where w is the tail and v is the head of e. For a subset X
of V, we say that an arc uwv enters X if v € X and v € X. The set of arcs in A entering
X is denoted by pa(X) and the in-degree of X is d,(X) = |pa(X)|. Similarly, uv leaves
X if u € X and v € X, the set of arcs in A leaving X is denoted by d4(X) = pa(X) and
the out-degree of X is df{(X) = |64(X)|. A subgraph of D is a digraph obtained from D by
deleting some vertices in V' and then some arcs in A. A subgraph of D that contains all the
vertices of D is called a spanning subgraph of D. We call a digraph (U, F') an arborescence
with root s, shortly s-arborescence, if there exists a unique path from s to every v € U.

A set of arc-disjoint subgraphs of D is called a packing of subgraphs. Let B be a packing
of arborescences in D. By the root set R® of B we mean the multiset of the roots of
the arborescences in B. The vector mP € ZY such that mB(v) = |R5| for all v € V is
called the root vector of B. We say that B is k-regular if each vertex is contained in exactly k
arborescences in B. For f,g € ZK, B is called (f, g)-bounded if the number of v-arborescences
in B is at least f(v) and at most g(v), that is f(v) < mB(v) < g(v) for all v € V. Let S be a
multiset of V' and M a matroid on S. The function by is defined as follows: by(X) = rm(Sx)
for all X C V. The packing B is called M-rooted if R is a basis of M. We say that the packing
B is M-based if for every v € V, the multiset of roots of the arborescences containing v in B
forms a basis of M. Note that if B is a packing of spanning arborescences then B is M-rooted
if and only if B is M-based.

Let G = (V, E) be an undirected graph where the non-empty finite set V' is the set of
vertices of G and the finite set E is the set of edges of G. An edge e is a pair of different
vertices. For a subset X of V, we say that an edge uv enters X if v € X and u € X. The
number of edges in F entering X, denoted by dg(X), is called the degree of X. We say
that G is simple if no two edges have the same end-vertices. A graph G is called bipartite
if there exists a bipartition {A, B} of its vertex set such that every edge of G connects a
vertex of A to a vertex of B. A bipartite graph G is denoted by (A, B; E), where {A, B}
is the bipartition of the vertex set of G and FE is the edge set of G. For bipartite graph
G = (A,B;E), X C A, and F C E, we denote by I'r(X) the set of vertices that are
connected by an edge of F' to at least one vertex in X.

Let F = (V, EU A) be a mized graph, where V is the set of vertices, E is the set of edges
and A is the set of arcs. By orienting an edge uv € E, we mean the operation that replaces
the edge uv by one of the arcs uv and vu. A mixed graph that has an orientation that is
an s-arborescence is called a mized s-arborescence. We say that F has an M-rooted/(f,g)-
bounded/k-regular packing of mixed arborescences if E has an orientation E such that the
digraph (V, EU A) has an M-rooted/(f, g)-bounded/k-regular packing of arborescences.



Let D = (V,A) be a directed hypergraph, shortly dypergraph, where V is the set of
vertices and A is the set of dyperedges of D. A dyperedge is an ordered pair (Z, z) such that
z is a vertex in V', called the head, and Z is a non-empty subset of V' — z, called the set of
tails. For X C V, we say that a dyperedge (Z,z) € A enters X if z € X and ZNX # . The
set of dyperedges in A entering X is denoted by pa(X) and the in-degree of X is d_4(X)
= |pa(X)|. For k € Z, we introduce the function pa, as follows: p4r(X) =k — d;(X)
forall ) # X C V and 0 for X = (). The operation that replaces a dyperedge (7, z) by an
arc yz where y € Z is called trimming. We say that D is an s-hyperarborescence, if D can
be trimmed to an s-arborescence. We say that D has an M-rooted/(f, g)-bounded/k-regular
packing of hyperarborescences if D can be trimmed to a digraph that has an M-rooted/(f, g)-
bounded/k-regular packing of arborescences.

Let F = (V,E£ U A) be a mized hypergraph, where V is the set of vertices, € is the set of
hyperedges and A is the set of dyperedges of F. A hyperedge is a subset of V' of size at least
two. A hyperedge X enters a subset Y of V if X NY # () # X NY. By orienting a hyperedge
X, we mean the operation that replaces the hyperedge X by a dyperedge (X —z, x) for some
x € X. A mixed hypergraph that has an orientation that is an s-hyperarborescence is called
a mized s-hyperarborescence. By a packing of mixed subhypergraphs in F we mean a set of
mixed subhypergraphs that are hyperedge- and dyperedge-disjoint. For a subpartition P of
subsets of V', we denote by egu.a(P) the number of hyperedges in £ and dyperedges in A
that enter some member of P.

3 Known results

We start by a fundamental result on packing spanning arborescences due to Edmonds [4].

Theorem 1 (Edmonds [4]). Let D = (V, A) be a digraph, s € V, and k € Z. There exists
a packing of k spanning s-arborescences in D if and only if

di(X) > k  foreveryD#X CV —s.
Edmonds [4] also presented a seemingly more general form of Theorem

Theorem 2 (Edmonds [4]). Let D = (V, A) be a digraph and S a multiset of vertices in V.
There exists a packing of spanning s-arborescences (s € S) in D if and only if

d2(X) > |Sv_x| forevery 0 #£X CV.
Theorem [1] implies the following extension as well.

Theorem 3 (Edmonds []). Let D = (V, A) be a digraph, S a multiset of vertices in V, and
k € Zy. There exists a k-regular packing of s-arborescences (s € S) in D if and only if

E > |Sy|  foreveryveV, (6)
ISx|+dy(X) > k for every 0 # X C V. (7)

Frank [7] considered the problem of packing arborescences whose roots are not fixed in
advance and proved the following result.

Theorem 4 (Frank [7]). Let D = (V, A) be a digraph and k € Z,. There exists a packing
of k spanning arborescences in D if and only if

ea(P) > k(|P|—1)  for every subpartition P of V.

It is not difficult to see that Theorems and [4 are equivalent.
Theorem |4| was generalized for (f, g)-bounded packings as follows.



Theorem 5 (Frank [7], Cai [2]). Let D = (V, A) be a digraph, f,g € ZY, and k € Z,.
There exists an (f,g)-bounded packing of k spanning arborescences in D if and only if

f(v) for everyv €V, (8)

>
> k|P| - min{k — f(UP),g(UP)}  for every subpartition P of V.  (9)

Theorem [2| can be generalized by adding a matroid constraint as follows.

Theorem 6 (Durand de Gevigney, Nguyen, Szigeti [3]). Let D = (V, A) be a digraph, S a
multiset of vertices in V, and M = (S,rm) a matroid. There exists an M-based packing of
arborescences in D if and only if

rm(Sx) +d;(X) > ru(S) foreveryd # X CV.

The following reformulation of the problem of matroid-based packing of arborescences
was proposed by Frank [I0]. We define the extended digraph D’ = (V U s, A’) which is
obtained from (D = (V, A), S) by adding a new vertex s and a new arc ss’ for every s’ € S
and we consider the matroid M’ on § 4/ (s) obtained from M by replacing every element s’ € S
by the arc ss’. A packing of s-arborescences in D’ is called M’-based if for every vertex v € V,
the set of arcs in d4/(s) that belong to the unique (s, v)-paths of s-arborescences containing
v in the packing forms a basis of M’. We refer to this version of the problem as the extended
framework.

The matroid-based packing of spanning arborescences problem in the extended frame-
work can not probably be solved by the following result.

Theorem 7 (Fortier, Kiraly, Szigeti, Tanigawa [6]). It is NP-complete to decide whether
there exists an M’-based packing of spanning s-arborescences in the extended framework
(D',M).

We will later see that surprisingly the same problem can be solved in the original frame-
work, see Theorem[12] In fact this was the motivation for the introduction of matroid-rooted
packings of arborescences.

We also present the following extensions of Theorems [I] and [5] to mixed graphs.

Theorem 8 (Frank [7]). Let F = (V,E U A) be a mized graph, s € V, and k € Z,. There
exists a packing of k spanning mized s-arborescences in F' if and only if

egua(P) > Kk|P|  for every subpartition P of V — s.

Theorem 9 (Gao,Yang [12]). Let F = (V, EUA) be a mized graph, f,g € ZY, and k € Z.,.
There exists an (f,g)-bounded packing of k spanning mized arborescences in F if and only

if holds and
epua(P) > k|P| —min{k — f(UP),g(UP)}  for every subpartition P of V.
Theorem [J] easily implies Theorems [5] and
We will need the following simple extension of Theorem [3|to dypergraphs from [5].

Theorem 10 (Fortier, Kiraly, Léonard, Szigeti, Talon [5]). Let D = (V, A) be a dyper-
graph, S a multiset of vertices in V, and k € Z,. There exists a k-reqular packing of
s-hyperarborescences (s € S) in D if and only if @ holds and

ISx|+d(X) > k  foreveryd #X CV. (10)

In order to prove one of our main results we need the following theorem.



Theorem 11 (Theorem 13.1.2 in [9]). Let G = (S,V; E) be a simple bipartite graph, M
= (S,rm) a matroid with independent sets Ty, and m € ZK, There exists F' C E such that

dr(s) < 1 for every s € S, (11)
drp(v) = m(v)  foreveryveV, (12)
FF(V) € Iwu (13)
if and only if
rm(Te(X)) > m(X)  for every X CV. (14)

4 New results

Our simplest new result is about matroid-rooted packing of spanning arborescences. It
obviously implies Theorem

Theorem 12. Let D = (V, A) be a digraph, S a multiset of vertices in V, and M = (S, rm)
a matroid. There exists an M-rooted packing of spanning arborescences in D if and only if

rm(Sup) +ea(P) > rm(S)|P|  for every subpartition P of V. (15)

Note that for packings of spanning arborescences, the notion of matroid-rooted and
matroid-based coincide. Hence Theorem [12] provides a characterization for the existence of
matroid-based packings of spanning arborescences. Theorem [12| can easily be obtained from
either of Theorems [13] and [I4l

Theorem can be generalized in many directions: for k-regular packings, for (f,g)-
bounded packings, for mixed graphs, and for dypergraphs. The following result shows a
generalization that contains three of these directions.

Theorem 13. Let D = (V, A) be a dypergraph, k € Z, f,g € ZK, S a multiset of vertices
inV, and M = (S,rm) a matroid. There exists an M-rooted (f, g)-bounded k-regular packing
of hyperarborescences in D if and only if for all U W CV and all subpartitions P of W,

ge(v) = f(v)  for everyv eV, (16)
TM(SU) + gk(V — U) > (S), (17)
ea(P) +rm(Su) + ge(W =U) = Kk|P|+ f(U-W). (18)

Theorem |13| extends Theorems and follows from Theorems (a) and

Theorem [13|provides a characterization of the existence of matroid-rooted (f, g)-bounded
packing of spanning arborescences in a digraph. Nonetheless, the problem of matroid-rooted
packing of spanning arborescences does not have the linking property. To see this let us
consider the instance of the problem of Figure[I|(a). Figure[I[b) and (c) show the existence
of an M-rooted packing of spanning arborescences satisfying f and one satisfying g. Suppose
that there exists an M-rooted packing of spanning arborescences satisfying both f and g
with root set B. Since g(sh) = 0, we get s, ¢ B. Since f(s1) = 1, we get s € B. Then,
since B is a basis of M, we get s] & B. On the other hand, since only one arc enters {s/, s5},
one of the roots in B belongs to {s7, s5}. This contradiction shows that the linking property
does not hold.

We propose another generalization of Theorem that contains three other directions
among the above mentioned four.



(a) (b) (c)

Figure 1: (a) The digraph D = (V, A), with V' = {s1, 8], $2, 5}, the matroid M with ground
set V and with bases {{s1,s2}, {s1, s5}, {51, s2}, {5}, s5}} and the ordered pairs (f(v), g(v))
on each vertex v. (b) An M-rooted packing of spanning arborescences satisfying f, (¢) An
M-rooted packing of spanning arborescences satisfying g.

Theorem 14. Let F = (V,E U A) be a mized graph, k € Z, f,g € ZY, S a multiset of
vertices in V, and M = (S,rm) a matroid. There exists an M-rooted (f, g)-bounded k-regular
packing of mized arborescences in F' if and only if and hold and for all W, U CV
and all subpartitions P of W,

epua(P) +rm(Sv) + g (W =U) = k[P|+ f(U-W). (19)

Theorem extends Theorems [9] and and its proof can be found in Subsection
In order to prove Theorem we need a new orientation theorem that extends Theorem
15.4.13 in [9].

Theorem 15. Let F' = (V,EU A) be a mized graph, h an integer-valued intersecting super-
modular function on V, and b an integer-valued submodular function on V. There exists an
orientation E of E such that

egoaP) = Z hX)—b(UP)  for every subpartition P of V (20)
XeP
if and only if
epua(P) > Z hX) —b(UP)  for every subpartition P of V. (21)
XeP

The proof of Theorem [I5] can be found in Subsection [6.2]

5 Generalized polymatroids

Theorem [I2) will be obtained applying the theory of generalized polymatroids. Generalized
polymatroids were introduced by Hassin [I3] and independently by Frank [8]. For a pair
(p,b) of set functions on S, o € R, and f,g € R?, let us introduce the following polyhedra

Q(p,b) = {zeR%:p(Z)<x(Z)<b(Z) forall ZC S},
B(b) = {zcR%:2(Z)<b(Z) forall ZC S, x(S)=0n(S)},
C(p) = {zeR%:p(2)<x(Z) forall ZC S x>0},

K(a) = {zcR%:z(S)=a},

T(f,g) = {reR®:f<z<g}

If p(@) = b(@) = 0, p is supermodular, b is submodular and b(X) — p(Y) > b(X —
Y)—p(Y — X) for all X,Y C S, the polyhedron Q(p, b) is called a generalized polymatroid,



shortly g-polymatroid. The polyhedron B(b) is called base-polyhedra and the polyhedron
C(p) is called a contra-polymatroid, even if p is only intersecting supermodular.

We summarize in the following theorem all the properties of generalized polymatroids
we need.

Theorem 16 ([9]). The following hold.

(a) If p and b are integral, then Q(p,b) contains an integral element.

(b) Clpax) = QP4 o0), where

Par(X) = max{ Z par(X') : P subpartition of X},
X'eP
(c) Q(p,b) = B(b) if and only if p(S) = b(S).
(d) Let M = Q(p,b) N K(«).
(i) M # 0 if and only if p < b, p(S) < a < b(S).
(ii) M is a g-polymatroid.
(111) If M # 0, then M = Q(p“, b*) with
p*(2) = max{p(Z),a—b(S - 2)}, (22)
b*(Z) = min{b(2),a—p(S—-2)}. (23)
(e) Let M = Q(p,b) N T(f,9)-

(1) M # 0 if and only if max{p, f} < min{b, g}.
(i) M is a g-polymatroid.
(111) If M # 0, then M = Q(p?c,b?) with

p3(Z) = max{p(X)-g(X -2Z)+ f(Z-X): X C S}, (24)
b%(2) min{b(X) — f(X — Z) + g(Z — X): X C S}. (25)

(f) B(b1) N B(ba) # 0 if and only if b1(X) + b2(S — X) > b1(S) = ba(S) for every X C S.
To obtain Theorem [I3] we have to prove the following result.

Theorem 17. Let D = (V, A) be a dypergraph, k,£ € Z, f,g € ZK, S a multiset of vertices
inV, M= (S,rm) a matroid of rank ¢,

NI$ = Clpar)NT(f,91) 0K (0),
NI& = N[0 Bbu).

(a) The root vectors of the M-rooted (f,qg)-bounded k-reqular packings of hyperarbores-
cences in D are exactly the integer points of N, g -

(b) N,f}’l‘f] # 0 if and only if holds and for every X CV and subpartition P of X,

ge(V) = &, (26)
ea(P) > kP|—{+ f(X), (27)
ea(P) > k[P|— gr(X). (28)



(c) If N,{:ég’ # 0, then N,i’t‘f] = Q(pi:?,bi:g) with

PLE(Z) = max{piu(X) = (X = 2)+f(Z =X)L =gu(D): X CV}, (29)
bl3(2) = min{g(2),0 - pi(X) +9u(X = Z) = f(Z - X): X CV}. (30)

(d) N,{:,& # 0 if and only if (16)), and hold.

The proof of Theorem [I7] can be found in Subsection We mention that the intersec-
tion with K(¢) is not really needed because, by rm(S) = ¢, the same condition is contained
in B(bwm). Our choice is justified by the fact that the calculations became simpler.

6 Proofs
In this section we prove our results, Theorems and

6.1 Proof of Theorem

Proof. (a) First, let m be the root vector of an M-rooted (f, g)-bounded k-regular packing
of hyperarborescences in D, with root set S’. Then S’ is a basis of M and

gr(v) > m(v) > f(v) foreverywv eV, (31)
m(V) = ¢, (32)
m(X)+d(X) > k for every 00 £ X C V. (33)

Thus, by and (32)), m is an integer point in T(f, g) N K (). Further, m is in C(p.ax)
because m(v) > 0 for every v € V, m(0) = 0 = p4x(0) and, by (B3), we have m(X) >
k—d (X) =par(X) for every 0 # X C V. We get that m € Ng,’f. Since, by S% € S'NSx,
S’ is an independent set in M contained in Sx, we have

bu(X) =rm(Sx) > |S%| = m(X) for every X C V,
with equality for V. Hence m € B(by). It follows that m is an integer point of IV, ,flf,,

Let now m be an integer point of N,{’,& = N,{’f N B(bm). Since m is an integer point in
C(pa,), we have m € Z,. Let S’ be the multiset of vertices such that |S],| = m(v) for every
v € V. Since m € T(f, gx), we have

1S/ | = m(v) < gr(v) <k for every v € V,
so ([6) holds for . Since m € C(pa,), we have
1S% | 4+ d4(X) =m(X) +k —par(X) >k for every 0 # X CV,

S0 holds for S’. Then, by Theorem |10} there exists a k-regular packing {B;}‘_, of s-
hyperarborescences (s € S”) in D with root set S’ that is with root vector m. Since m € K ({),
the packing contains ¢ hyperarborescences. Since m € T'(f, gx), we have

f(v) <m(v) =S, =m(v) < gx(v) < g(v) for every v € V,

so the packing is (f, g)-bounded.

Since m € B(bm), we have

m(X) < bu(X) = ru(Sx) for every X C 'V, (34)



with equality holds for V. Let G = (S, V; E) be the bipartite graph such that for s € S and
veV,sve FEifand only if s € S,. By , we get that holds. Then, by Theorem
there exists an independent set S* in M such that for every v € V, |S¥| = m(v) = |S)| and
hence the m(v) v-hyperarborescences in {B;} can be rooted at Si. Then, by |S*| =m(V) =
rm(S), we obtain that S* is a basis of M. It follows that the packing is M-rooted.

(b) By Theorem |16} .(b ) and |1 ), Cpak) NT(f, gx) = Q(Pl 1, 00) NT(f, gr) # 0 if
and only if p% ;, < 00, f < gkvak < gr and f < oog if and only 1f . ) and . ) hold. By

Theorem |1 .( (iii), if the intersection is non-empty, then C'(pa ) NT(f, gr) = Q(pA e bf 9)
where

pl(2) = max{pl(X) —ge(X —Z)+ f(Z - X): X CV}, (35)
b (Z) = minfooo(X) = f(X = 2)+g(Z—X): X CV}=gu(Z).  (36)

)

By Theorem |16/ (d)(i), C'(p.ax) N T(f, gx) N K (€) = Q(p'i%,b%%) N K (¢) # 0 if and only
if (16) and hold and pﬁ’?k (V)y<e< bﬁ?k(V). These condltlons are equivalent to (6],
(128), and .
(c) By Theorem d)(iii), if the intersection is non-empty, then N,{,’eg = Q(pii?bi:g)
with
pLi(Z) = max{pl{%(2),0—b5%(2): X CV}, (37)
bi:;%( ) = mm{bf’q (2),0 =pf5(Z): X SV} (38)

By combining (35 and ( with and ( ., we get (29| E and .

(d) First we show that in both dlrectlons we have N,{f # 0 and (16) holds. If N,{,\g,l # 0,
then it is ev1dent Suppose now that ., and (| . hold. Applymg for U=10,we
obtain (26]). Applying (18] for U = V and W X, we obtain ([27] Applymg ) for U =0
and W = X, we obtain . Furthermore, also holds. Then7 by (b), we get N,f”f £ .

Thus, by (c), £ < p[:3(V) < b[{(V) < £. 1t follows that pj¢(V) = b[*¥(V) = ¢. Hence,
by Theorem c)7 N,f”eg = B(big) By Theorem (f), 0 # N,f”,a = B(bi:g) N B(bwm) if and
only if bﬁ:g(V) = bu (V) (that holds since both are equal to ¢) and

bf’g( U)>{—bw(U) for every U C V. (39)

By , we get that is equivalent to for all UyW C V|

=g (U) < mm(Sv), (40)
PurW) —ge(W =U) + f(U-W) < ru(Sv), (41)
which are equivalent to and . O

6.2 Proof of Theorem [15

Proof. The proof follows the proof ideas of Theorem 9.5.1 of [9]. The necessity is obtained
from the fact that for every orientation E of F and every subpartition P of V, we have
€EuA(P) > EEUA(P)-

To see the sufficiency, let (F = (V,E U A), h,b) be a counterexample that minimizes
|E|. Note that E # (), otherwise and coincide. Let e = uw be an arbitrary edge in
E, F, = (V,E1UA;) and Fy = (V, E3 U Ay) the mixed graphs obtained from F by orienting
e as d; = uv and ds = vu, respectively. If for some i = 1,2, F; satisfies , then, by the
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minimality of E, there exists an orientation E; of E; such that (V, E;UA;) = (V, E;U{d@;}UA)
satisfies and hence (F, h,b) is not a counterexample. It follows that, for ¢ = 1,2, there
exists a subpartition P; of V such that

ee(P)= Y W(X)~b(P) (42)

XeP;

and wv is between P — P, and P» — Pi, where h/(X) = h(X) — d;(X) for every X CV
and P; = UP;. Let P = P; U P5. Note that P covers each vertex in P; N P, twice and
each vertex in (P U Py) — (P; N Pz) once. Using the usual uncrossing technique for P, we
obtain a laminar family P’ that covers each vertex in P, N P, twice and each vertex in
(PyUPy) — (PN P,) once. Then P’ can be decomposed into a partition P; of Py N P, and
a partition Pj of P; U P». Since h is intersecting supermodular and d, is submodular, b’ is
intersecting supermodular. Thus

Yoowx)= Y KH(X) (43)
XeP{UP; X€EP1UP:
Since dg is submodular,
Y ode(X)> > de(X). (44)
XeP1UP2 XeP{UP)

Further, since uv is between P, — P, and P, — P;, we have

dg(Pr) +dg(Py) > dg(Py N Py) 4+ dp(Py U P). (45)
It follows, by and (45), that we have
2(en(P1) + e(P2)) = (de(P) + Y de(X))+ (de(P) + Y de(X
XePy XeP2
>(dp(PrUPy)+ Y de(X)+ ([de(PinR) + Y de(X
XeP] XeP)
=2(ep(P1) + ex(P3)). (46)

Hence, by (43)), ([42), (46), the submodularity of b and applied for P; and P, we have

Z W (X) Z W (X)
XEP{UP, XEP,UP,
(ex(P1) +b(P1)) + (er(P2) + b(F%))
(er(P1) +b(P1N Py)) + (ex(Py) + b(PL U P))

> WX,

XEP|UP)

v

v Vv

a contradiction. O

6.3 Proof of Theorem [14]

Proof. We show that Theorem [14] follows from Theorems and Let us define two
functions as follows. For all X C V,

MX) = kif X #0and0if X =0, (47)
b(X) = min{—f(U-W)+gW-U)+ru(Sv): X CWCV,UCV}. (48)

Clearly, h is intersecting supermodular. In order to be able to apply Theorem [I5] we show
that b is submodular.

11



Claim 1. The function b is submodular.
Proof. For i =1,2,let X; CV,and X; C W; CV, U; CV such that
b(XZ) = —f(Ui — Wl) + gk(Wi — Ui) + TM(SUi)~ (49)

Let us introduce the following sets:

Us = UiNU;, Uy= U UU,,
Ws =W1iNW,, Wy=W;UWs,
Z = (W1 —=Up)N Uy — W)U (Wa — Us) N (U — Wh)).
The following can be easily checked.

XiNX, C Ws, (50)
X1UXy C Wy, (51)
multiset (Us — W5)U (Uy — Wy) U Z = multiset (U — Wh) U (U — Wa),  (52)
multiset (W3 —Us) U (Wy —Us) UZ = multiset (W1 —Uy) U (W —Us).  (53)
Then, by the modularity of f and gy, and the submodularity of ry, we have
b(X1)+b(X2) = —f(Ur—Wh)+ gu(Wy —Ur) +rm(Su,)
—f(Us — Wa) + g (W — Us) + rm(Sw,)
> —f(Us = W3) + gp(W3 — Usz) + rm(Su,)
—f(Us = Wy) + g (Wa — Us) + rm(Su,) — f(Z) + g1(2)
> b(Xl M Xz) + b(Xl U Xz),
and the claim is proved. O

By Claim [1} b is submodular. Then Theorem [I5] can be applied for A and b. Since in
this case and are equivalent, (21)) holds, and hence it follows that there exists an
orientation E of E such that D = (V,E'U A) satisfies which is equivalent to (18] for
D = D. Note that and also hold by assumption. Then, by Theorem here
exists an M-rooted (f, g)-bounded k-regular packing of arborescences in D that provides, by
replacing the arcs in E by the edges in E, an M-rooted (f, g)-bounded k-regular packing of
mixed arborescences in F'. O

7 Conclusion

In this paper we introduced a new problem on packings of arborescences, namely matroid-
rooted packings. We provided characterizations for matroid-rooted (f, g)-bounded k-regular
packings of hyperarborescences and for matroid-rooted (f, g)-bounded k-regular packings of
mixed arborescences. The problem of matroid-rooted (f, g)-bounded k-regular packings of
mixed hyperarborescences remains open. The natural conjecture about this problem is the
following.

Conjecture 1. Let F = (V,EU.A) be a mized hypergraph, k € Z, f,g € ZX, S a multiset
of vertices in V., and M = (S,7m) a matroid. There exists an M-rooted (f,g)-bounded k-
reqular packing of mized hyperarborescences in F if and only if and hold and for
allUW CV and subpartition P of W,

ecua(P) +rm(Sv) +ge(W =U) = K[P|+ f(U-W). (54)
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Theorem [I3] and the following conjecture, a possible extension of Theorem [I5] to mixed
hypergraphs, would imply Conjecture [I}

Conjecture 2. Let F = (V,EUA) be a mized hypergraph, h an integer-valued, intersecting
supermodular function on 'V and b a submodular function on V. There exists an orientation
E of € such that

ezua(P) = Z h(X)—b(UP)  for every subpartition P of V (55)
XeP

if and only if

esua(P) > Z h(X) —b(UP)  for every subpartition P of V. (56)
XeP
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