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What is combinatorial optimization ?

Givenf:2> >R , find X< S that minimizes f,
that is, such that f(X) < f(Y) forall YcS.

TOO GENERAL, NOT EXACT, IRRELEVANT, NOT TRUE, BORING,...
we have to go through more specific examples !



Directions from bird’s eyes ...

P : individual methods
— .
@Clced

N

Bipartite matching




Tour d’horizon: 6 fundamental benchmarks

Bin packing (cutting stock, scheduling)
Shortest paths (trafic, PERT)
Matching (mariages)

Tours (travelling, postman)

Cuts (routing, clustering)
Submodular functions (machine learning)



Tour d’horizon | : Bin packing

BIN PACKING
Input: 0<s,, ... ,s,<1 Item sizes,
Task : Minimize the number of bins (capacity 1)

PARTITION : Are 2 bins enough ?

NP-hard



Tour d’horizon | : Bin packing cont’d (example)

EEEnE_



Tour d’horizon I: cont’d - bin packing (heuristics)

BIN PACKING
Input: 0<s,, ... ,s,<1 Item sizes,
Task : Minimize the number of bins (capacity 1)

Heuristics : NF, FF, NFD, FFD
2 17/10 11/9 OPT+1

Proposition: NF< 2 OPT
1 2

Proof : OPT 2 rsize_‘

> 1 _
NF <2 size +1




Tour d’horizon | : cont’d - bin packing (patterns)

INPUT : 0<s,, ... ,54<1 Iitem sizes,
by, ... , bge IN item multiplicities

Pack them to a min number of bins of capacity 1

pattern : p € Z.° such that P1Sit ... +PpgSys1

P := the columns are the incl max patterns



Tour d’horizon | : Bin packing cont’d (examples)
d=3
s=(1/2,1/3,1/5) b=(1, 2, 4)
b
2001100 1
P = 0301021 2
0050213 4

SIZE= 59/30 LP=%%+2/3+4/5=59/30

Exercise: OPT=2o0r37



Tour d’horizon | : cont’d - bin packing (LP)

pattern : p Z+d such that p;s;+ ... +pgSy< 1

Gilmore-Gomory LP :

Px>b (Pez ") yP <1
x =0 y 20
min 1'™x (b e Z+d) = max1ly

Conjecture (Scheithauer,Terno): OPT <|LP |+ 1
(not better for restricted patterns)



Tour d’horizon Il: Paths in Graphs

Directed, nonnegative weights (Dijkstra)
Directed -1 weights NP-hard (HAM)
Conservative (no circuit of neg total weight): P

Undirected: nonnegative ?, -1 ?, conservative ?

Exercise : Does the triangle inequality hold in the
undirected case ? Are subpaths of shortest paths shortest ?



Tour d’horizon Il : matching

INPUT : G=(V,E) graph.
matching : a set M ¢ E of vertex-disjoint edges
TASK : Find a matching of maximum size




Tour d’horizon Il : matching cont’d (augmenting paths)

augmenting path with respect to matching M . path
alternating between M and E\ M
with the 2 endpoints uncovered by M

Proposition (Berge) : G graph, M matchingin G.
M is a maximum matchingin G iff there is no augmenting path



Tour d’horizon Il : cont’d - matching (cover)

matching : M set of vertex-disjoint edges

Max |[M| : v

vertex cover : T set of vertices
so that G-T has no edges

Min [T| @ <



Tour d’horizon lll : cont’d - matching (minmax)

Theorem (K6nig) : If G is bipartitev = = O

< IS ‘the easy part’; = s to be proved

1st Proof : If forsome v eV: v(G-v)=Vv(G) -1
DONE !

If uv E then either u or v satisfy this condition |

Q.E.D.



Tour d’horizon lll : cont’d - matching (submod)

Thm (Kdénig-Hall) : Let G=(A,B,E) be a bipartite graph
Then v=min{|Al- (|X|=INX)| ): XcA}

2"d Proof : 5(X) is supermodular .
Call X tight, if o(X) ismax=: =0

Claim: If X, Y are tight, XY , XUY too.

Are there disjoint tight sets ? How does the family of
inclusionwise min tight sets look like ? How does an
inclusionwise min graph of given o look like ?

Exercise : Prove Kénig and Kénig-Hall from one another



Tour d’horizon Il : matching cont’d (LP&RP)

VERTEX COVER for G=(V,E) bipartite
X € RV :
Xit+x;21,VieE

Xx=20

MATCHING POLYTOPE for G=(V,E) bipartite
X € RE:
Xx(O(v))=1l,VveV

x=0

Integrality (TU+Cramer, no odd circuit)

(Xi)nxn randomized algorithm, method of variables



Tour d’horizon Ill: matching cont’d (algorithms)

Proposition (Berge): G bipartite, M matching.
M is a maximum matching iff there is no augmenting path

Algorithms for bipartite graphs: paths in digraphs;
Algorithmic proof of Kénig-Hall ; Integer Linear Prog;
Ellipsoid method, method of variables

For non-bipartite ? Is it useful ?



Tour d’horizon Ill: matching cont’d (application)

SCHEDULING IDENTICAL JOBS ON 2 IDENTICAL MACHINES

Input: Partially ordered set of tasks of unit length.
Output: Schedule of min completion time T

Thm: (Fujii &als) : T=n-v (Gjpy)

Solutions for max (weighted) matchings:
with Edmonds’ algorithm (1965)
Grotschel, Lovasz, Schrijver
with Padberg-Rao (1979)



Tour d’horizon IV: CPP versus TSP

Input : G=(V,E), w:. E > Z,
Task : minimize the total weight :

CHINESE POSTMAN:
- of a closed walk through all edges

Graphic TRAVELLING SALESMAN:
- of a closed walk through all the vertices

Exercise. G=(V,E) connected, w. E > Z,, T < even.

Find a minimum weight subgraph F with d:(v) odd<veT
N polynomial time. (Hint: use min weight perfect matching in (T,w-distances) )



Tour d’horizon 1V: CPP versus TSP cont’d (metric)

TRAVELLING SALESMAN: once through every vertex

Metric ”: + w satisfies the triangle inequality

Theorem: (Christofides) Heuristic for graphic &
for metric TSP which provides at most 3/2 OPT

Proof. Heuristic: Min weight spanning tree F +
with T = {v : d:(v) Is odd } a minimum weight T-join.

Conjecture : 4/3 is also true in these cases .



Tour d’horizon V : Cuts

Input : G=(V,E), c:E—>Z
Output: Partition {X, Y} of V that
minimizes 2, x yey. xyee C(XY)

minimum cut : ¢ non-negative €7

maximum cut : ¢ non-positive A4F - complete

Randomized 2-approx : Flip a coin'!
2-approx . Derandomize !



Tour d’horizon V cont’d: Cuts

MIN CUT € # MAX CUT
A4 - hard

Ford Fulkerson: algorithm and
Max Flow Min Cut. NP-hard, see GJ.

(Improvments, analysis: Dinits, Frank-Tardos ...)

M ’s th . '
enger’s theorems In p|anar graphs = Chinese

Goldberg-Tarjan : preflow push postman problem. e 7

Karger : uniform distribution on edges.
Choose an edge, contract. When |V|=2 O.878-approx: Goemans-

stop. Simple, beautiful analysis Wi illiamson with

Nagamochi-Ibarraki Semidefinit Programming
derandomization



Tour d’horizon VI : Submodular Functions

Def: f:2> —> R is submodular on 2>, if
f(X) + f(Y) = f(X"Y) + f(XUY)

submodular &V AcCB, xe S
f(A U {x}) - f(A) = f(Buw {x}) - f(B)

1.) occurs often  2.) useful 3.) can be played with
MIN €% MAX sz - hard

versions: For machine learning, f(0)=0, mon, size k



Examples, special cases, connexions

Total « Information in » a subset of random variables

Probabllity of the product of a subset of events

Vector ranks Iin any vector space
Minus the number of components of a set of edges
Maximum size of a spanning tree

For k eN and finite set S : min { k, the size of a subset }

Many essential is in matroids:
Def: M=(S,r) matroid: r (&) =0,r monoton&submodular, r(s)=1,(s eN)



Approx for submod max mon, size k, f(0)=0

Algorithm (for sets of size k): Having X already,
WHILE |X|< k we choose x that maximizes
f(X U {x}) - f(X)

Lemma : f(X U {x}) - f(X) = ( f(OPT) —f (X)) /k
Proof: Since mon. f(OPT) <f(OPT U X) <
< f(X) + k (f(X W {x}) - f(X) )

Let X' be what we find in step i. Then f(X¥) - f(Xx1) >
> f(OPT) / k -f(Xx1) /k, so
f(Xx) > f(OPT) / k + (1 — 1/k) f(Xk1)
f(X*) > f(OPT) (1-(1—1/k)*) > (1-1/e) f(OPT)



Matroids
M-(S,F) FeiYy
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Examples cont’d
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Circuits
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Bases
Bisa base if Be &, |B| =r(S).
Set of bases : B

Fact : VB,,B,e%, VxeB,\B,
dy e B,\B, : B;\x)U{y}eB

Proposition: $#J is the set of bases of a matr
<> the Fact holds.

So this def is also equivalent !



Matroid dual

Def: gl - = (g,is*) Mﬁ,%@/g
b o
4%%: %§\,£ ! &@jgiz

Fact:v**(%) = X/ = - (S) - WCS"\}JD
S




Planarity and Duality
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Proposition: Fis a spanning tree <
E\ F Is a spanning tree of the dual graph

Euler’s formula: n-1+ f—1 =m



Greedy alg for max weight indep
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Let us make it more complicated !
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The inverse of the duality theorem
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Intersection des matroides (S,r,) et (S,r,)
Edmonds (1979)
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Algorithme d’intersection
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What remains: If P={X;, y,X; ..X, Vi Xys1} 1S
a chordless path, then FAP € §,n &,
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Corollaries
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Tour d’horizon VI : submodular (examples)

minus deficit, d(X) , total information of a set of events, ...
minus number of components of a set of edges, vector rank, ...

MIN CUT MAX CUT
Input : G=(V,E), w: E — [0,1] —
Task : maximize
c(V,L)+w(L) : Lc E S
Supermodular

7/ 7/}

Particular submodular function minimization solved efficiently by
Angles d’Auriac, Igloi, Preissmann, S. (2001)



Tutte’s theorem
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Edmonds’ algorithm
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Method of variables: bipartite matching
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The probabilities precisely
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Method of variables: nonbipartite
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RP, max matchings

P
= oQilelod
L < =7
LeNPe> T R, : 25 5
L R{xiy)=0 Yy €
el 3%2 (Z(K(?D
LCQ/P<> *”* x =%

< & L KL %62 Q(*‘ /§>
@Qo{,\,uw‘w/«« lo CULJVM

Qe =~ P

corinl oS U (e gt



Directions from bird’s eyes ...

P : individual methods
— .
@Clced

N

Bipartite matching




We have seen :

Directed optimization : bipartite matching, max spanning
tree or matroid independent, matroid intersection

Undirected optimization: non-bipartite matchings, undirected
distances, Chinese Postman Problem

Approximation Algorithms : 2-approx for bin packing, 2-Approx of
max cut, 3/2 approx of TSP, 1 — 1/e approximation of submod
max with bounded size

Generic methods : method of variables, derandomization,
improving paths (« test-sets ») , complexity analysis, polyhedral
method, separation-optimization, ellipsoid method

Polyhedra : (bipartite) matching polytope, matroid independent
set polytope

Complexity : P, NP, RP, good characterization, NP-hard, NP-complete



