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  of	
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  tutorial	
  
Goals:	
  	
  

Ø  Share	
  some	
  understanding	
  of	
  the	
  basic	
  ideas	
  underlying	
  LR	
  	
  
Ø  Explain/review	
  the	
  use	
  of	
  LR	
  by	
  the	
  CP	
  community	
  

	
  



Goals	
  of	
  the	
  tutorial	
  

•  Not	
  an	
  expert	
  in	
  Lagrangian	
  relaxa1on	
  (LR)	
  
•  Experience	
  in	
  implemen1ng	
  LR	
  in	
  a	
  constraint	
  solver	
  (mainly	
  

in	
  applica1ons)	
  for	
  
–  Bounding	
  and	
  filtering:	
  

•  beyond	
  polynomial	
  subproblems	
  
•  directed	
  by	
  the	
  objec1ve	
  func1on	
  

•  Pragma1c	
  point	
  of	
  view	
  of	
  a	
  user	
  of	
  OR	
  techniques	
  

Goals:	
  	
  
Ø  Share	
  some	
  understanding	
  of	
  the	
  basic	
  ideas	
  underlying	
  LR	
  	
  
Ø  Explain/review	
  the	
  use	
  of	
  LR	
  by	
  the	
  CP	
  community	
  

	
  



1.  Principles	
  of	
  Lagrangian	
  relaxa1on	
  (LR)	
  
–  Lagrangian	
  subproblem	
  
–  Lagrangian	
  dual	
  

2.  Solving	
  the	
  Lagrangian	
  dual	
  
–  Kelley’s	
  algorithm,	
  Sub-­‐gradients,	
  Golden	
  sec1on	
  

–  Filtering	
  based	
  on	
  the	
  subproblem	
  

3.  Domain	
  filtering	
  for	
  NValue	
  using	
  LR	
  	
  
–  LR	
  to	
  compute	
  a	
  lower	
  bound	
  
–  Linear	
  Programming	
  (LP)	
  and	
  LR	
  filtering	
  

4.  Use	
  of	
  LR	
  by	
  the	
  CP	
  community	
  
–  LR	
  for	
  domain’s	
  filtering	
  
–  LR	
  for	
  filtering	
  global	
  constraints	
  
–  Lagrangian	
  decomposi1on	
  for	
  domain’s	
  filtering	
  
–  Applica1ons	
  

Outline	
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1.  Principles	
  of	
  Lagrangian	
  relaxa1on	
  (LR)	
  

–  Lagrangian	
  subproblem	
  
–  Lagrangian	
  dual	
  

2.  Solving	
  the	
  Lagrangian	
  dual	
  
–  Kelley’s	
  algorithm,	
  Sub-­‐gradients,	
  Golden	
  sec1on	
  

–  Filtering	
  based	
  on	
  the	
  subproblem	
  

3.  Domain	
  filtering	
  for	
  NValue	
  using	
  LR	
  	
  
–  LR	
  to	
  compute	
  a	
  lower	
  bound	
  
–  Linear	
  Programming	
  (LP)	
  and	
  LR	
  filtering	
  

4.  Use	
  of	
  LR	
  by	
  the	
  CP	
  community	
  
–  LR	
  for	
  domain’s	
  filtering	
  
–  LR	
  for	
  filtering	
  global	
  constraints	
  
–  Lagrangian	
  decomposi1on	
  for	
  domain’s	
  filtering	
  
–  Applica1ons	
  

Illustra(ve	
  of:	
  

•  Relaxing	
  a	
  single	
  
constraint	
  

•  Filtering	
  of	
  mul(-­‐cost	
  
regular	
  

•  Comparison	
  with	
  LP	
  
reduced	
  cost	
  filtering	
  

•  Filtering	
  of	
  Nvalue	
  

•  Two	
  CP	
  papers	
  using	
  
LR	
  this	
  year	
  



1-­‐	
  Principles	
  of	
  LR	
  
Some	
  of	
  the	
  key	
  historical	
  papers	
  about	
  Lagrangian	
  relaxa1on:	
  

[Held,	
  M.,	
  Karp,	
  R.M.	
  The	
  traveling	
  salesman	
  problem	
  and	
  minimum	
  
spanning	
  trees,	
  Opera1ons	
  Research,	
  1970]	
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  of	
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  Lagrangian	
  relaxa1on:	
  

[Fisher,	
  M.L.	
  The	
  Lagrangian	
  Relaxa(on	
  Method	
  for	
  solving	
  integer	
  
programming	
  problems,	
  Management	
  Science,	
  1981]	
  

[Geoffrion,	
  A.M.,	
  Lagrangean	
  relaxa(on	
  for	
  integer	
  programming,	
  
Mathema1cal	
  Programming	
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  2,	
  1974]	
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[Fisher,	
  M.L.,	
  An	
  applica(ons	
  oriented	
  guide	
  to	
  Lagrangian	
  Relaxa(on,	
  
	
  Interfaces,	
  1985.]	
  

Some	
  of	
  the	
  key	
  historical	
  papers	
  about	
  Lagrangian	
  relaxa1on:	
  

[Fisher,	
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  Lagrangean	
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Mathema1cal	
  Programming	
  Study	
  2,	
  1974]	
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  and	
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  Jnger,	
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  Op1miza1on,	
  2001]	
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Material	
  for	
  this	
  talk	
  from	
  text	
  books:	
  
	
  Network	
  flows	
  of	
  Ahuja,	
  Magnan1,	
  Orlin	
  
	
  Integer	
  programming	
  of	
  Wolsey,	
  

[Lemaréchal,	
  C.:	
  Lagrangian	
  relaxa(on.	
  In:	
  Jnger,	
  M.,	
  Naddef,	
  D.	
  (eds.).	
  
	
  	
  Computa1onal	
  Combinatorial	
  Op1miza1on,	
  2001]	
  

[Fisher,	
  M.L.,	
  An	
  applica(ons	
  oriented	
  guide	
  to	
  Lagrangian	
  Relaxa(on,	
  
	
  Interfaces,	
  1985.]	
  

[Fisher,	
  M.L.	
  The	
  Lagrangian	
  Relaxa(on	
  Method	
  for	
  solving	
  integer	
  
programming	
  problems,	
  Management	
  Science,	
  1981]	
  

[Geoffrion,	
  A.M.,	
  Lagrangean	
  relaxa(on	
  for	
  integer	
  programming,	
  
Mathema1cal	
  Programming	
  Study	
  2,	
  1974]	
  

[Held,	
  M.,	
  Karp,	
  R.M.	
  The	
  traveling	
  salesman	
  problem	
  and	
  minimum	
  
spanning	
  trees,	
  Opera1ons	
  Research,	
  1970]	
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  Lagrangian	
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Lagrangian	
  Dual	
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z = 10 + 12 + 2 = 24
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•  Kelley,	
  Cheney-­‐Goldstein	
  algorithm	
  

•  Subgradient	
  techniques	
  

•  Golden	
  sec1on	
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  single	
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Filtering	
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  Lagrangian	
  subproblem	
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  mul1-­‐cost	
  regular	
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  stepsize	
  rules	
  exist.	
  	
  
	
  The	
  one	
  used	
  by	
  Held	
  and	
  Karp:	
  

•  History	
  of	
  gradients	
  can	
  be	
  used	
  like	
  in	
  deflec;on:	
  use	
  as	
  direc1on	
  a	
  convex	
  
combina1on	
  of	
  the	
  current	
  gradient	
  and	
  previous	
  direc(on	
  

	
  

�k+1  max(0,�k + µk(
P

tijx
k � T )

[Lombardi,	
  M.,	
  Gualandi,	
  S.	
  	
  
A	
  New	
  Propagator	
  for	
  Two-­‐Layer	
  Neural	
  Networks	
  in	
  Empirical	
  Model	
  Learning.	
  CP	
  2013]	
  

µ
k

= �(z�w

⇤(�k))
(
P

tijx
k�T )2 with � 2]0, 2[
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•  Golden	
  search	
  method:	
  
	
  

d = b� 1
� (b� a)

c = a+ 1
� (b� a)

•  Ok	
  for	
  one	
  mul1plier:	
  propaga1ng	
  two	
  constraints	
  with	
  LR	
  
•  Used	
  in	
  [Sellmann,	
  M.,	
  Fahle,	
  T.	
  Constraint	
  Programming	
  based	
  Lagrangian	
  

Relaxa;on	
  for	
  the	
  Automa;c	
  Recording	
  Problem,	
  Annals	
  of	
  OR,	
  2003]	
  

2-­‐	
  Solving	
  the	
  Lagrangian	
  dual	
  



2-­‐	
  Solving	
  the	
  Lagrangian	
  dual	
  
Solving	
  
•  Kelley,	
  Cheney-­‐Goldstein	
  algorithm	
  

•  Subgradient	
  techniques	
  

•  Golden	
  sec1on	
  search	
  for	
  a	
  single	
  mul1plier	
  

Filtering	
  from	
  the	
  Lagrangian	
  subproblem	
  

IllustraFon:	
  mul1-­‐cost	
  regular	
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(11-­‐9)	
  

(13-­‐12)	
   (16-­‐4)	
  

(13-­‐8)	
  

(0-­‐20)	
   (20-­‐0)	
  

Suppose we know an upper bound of z = 15

We	
  compute	
  shortest	
  path	
  from	
  
source	
  to	
  all	
  other	
  nodes	
  and	
  
from	
  all	
  other	
  nodes	
  to	
  sink	
  

L
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  -­‐	
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⇤
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2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Filtering	
  

Suppose we know an upper bound of z = 15

–  Lagrangian	
  dual	
  is	
  changed	
  !	
  
does	
  it	
  affect	
  convergence	
  ?	
  

[Sellmann,	
  2004]	
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w

⇤
|35 = 13 + (15) + 4� 14 = 18 > z = 15 ) x35 = 0

(13)	
  

2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Filtering	
  

Suppose we know an upper bound of z = 15

–  Lagrangian	
  dual	
  is	
  changed	
  
	
  	
  	
  	
  	
  	
  does	
  it	
  affect	
  convergence	
  ?	
  
–  Filtering	
  	
  takes	
  place	
  near	
  L*	
  most	
  of	
  the	
  

1me	
  but	
  not	
  necessarily	
  
	
  	
  	
  	
  	
  	
  What	
  values	
  of	
  	
  	
  	
  	
  	
  are	
  good	
  for	
  filtering	
  ?	
  �

[Sellmann,	
  2004]	
  

L



•  And	
  during	
  search	
  ?	
  solve	
  LR	
  
–  only	
  at	
  root	
  node	
  [Bergman,	
  2015]	
  and	
  re-­‐apply	
  filtering	
  
only	
  when	
  upper	
  bound	
  is	
  improved	
  

–  at	
  root	
  node	
  and	
  with	
  a	
  few	
  iteraFons	
  of	
  sub-­‐gradients	
  to	
  
gather	
  filtering	
  

–  at	
  each	
  node	
  

•  Reuse	
  informa1on:	
  
–  Restore	
  best	
  mul1pliers	
  upon	
  backtracking	
  
–  Start	
  solving	
  the	
  dual	
  from	
  the	
  last	
  mul1pliers	
  found	
  at	
  
previous	
  node	
  

–  Restore	
  cuqng-­‐planes	
  (subproblem	
  solu1ons)	
  upon	
  
backracking	
  (for	
  Kelley’s	
  algorithm)	
  

2-­‐	
  Solving	
  the	
  Lagrangian	
  dual	
  



2-­‐	
  Solving	
  the	
  Lagrangian	
  dual	
  
Solving	
  
•  Kelley,	
  Cheney-­‐Goldstein	
  algorithm	
  

•  Subgradient	
  techniques	
  

•  Golden	
  sec1on	
  search	
  for	
  a	
  single	
  mul1plier	
  

Filtering	
  from	
  the	
  Lagrangian	
  subproblem	
  

IllustraFon:	
  mul1-­‐cost	
  regular	
  



•  Regular	
  :	
  
–  Propaga1on	
  based	
  on	
  breath-­‐first-­‐search	
  in	
  the	
  unfolded	
  automaton	
  
	
  

	
  

2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Mul1-­‐cost	
  regular	
  

Regular([X1, . . . , Xn], A) [Pesant,	
  2004]	
  



•  Regular	
  :	
  
–  Propaga1on	
  based	
  on	
  breath-­‐first-­‐search	
  in	
  the	
  unfolded	
  automaton	
  
	
  

	
  

[Pesant,	
  2004]	
  Regular([X1, . . . , Xn], A)

Automaton	
  

2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Mul1-­‐cost	
  regular	
  



•  Regular	
  :	
  
–  Propaga1on	
  based	
  on	
  breath-­‐first-­‐search	
  in	
  the	
  unfolded	
  automaton	
  
	
  

•  Cost	
  regular	
  :	
  
–  Propaga1on	
  based	
  on	
  shortest/longest	
  path	
  in	
  the	
  unfolded	
  

automaton	
  

Regular([X1, . . . , Xn], A) ^
Pn

i=1 ciXi = Z

Regular([X1, . . . , Xn], A) [Pesant,	
  2004]	
  

[Demassey,	
  Pesant,	
  Rousseau,	
  2004]	
  

2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Mul1-­‐cost	
  regular	
  



•  Regular	
  :	
  
–  Propaga1on	
  based	
  on	
  breath-­‐first-­‐search	
  in	
  the	
  unfolded	
  automaton	
  
	
  

•  Cost	
  regular	
  :	
  
–  Propaga1on	
  based	
  on	
  shortest/longest	
  path	
  in	
  the	
  unfolded	
  

automaton	
  
	
  
•  Mul1-­‐cost	
  regular	
  :	
  	
  

–  Propaga1on	
  based	
  on	
  resource	
  constrained	
  shortest/longest	
  path	
  
–  Sequencing	
  and	
  coun1ng	
  at	
  the	
  same	
  1me	
  

•  Personnel	
  scheduling	
  
•  Rou1ng	
  

–  Example:	
  combine	
  Regular	
  and	
  GCC	
  

Regular([X1, . . . , Xn], A) ^
Pn

i=1 ciXi = Z

Regular([X1, . . . , Xn], A) ^ (
Pn

i=1 c
r
iXi

= Zr, 8 r = 0, . . . , R)

Regular([X1, . . . , Xn], A)

[Menana,	
  Demassey,	
  2009]	
  

Multi-cost Regular([X1, . . . , Xn], [Z1, . . . , ZR], A)

[Pesant,	
  2004]	
  

[Demassey,	
  Pesant,	
  Rousseau,	
  2004]	
  

2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Mul1-­‐cost	
  regular	
  



•  Mul1-­‐cost	
  regular	
  :	
  	
  

–  Propaga1on	
  based	
  on	
  resource	
  constrained	
  shortest/longest	
  path	
  
–  Sequencing	
  and	
  coun1ng	
  at	
  the	
  same	
  1me	
  

•  Personnel	
  scheduling	
  
•  Rou1ng	
  

–  Example:	
  combine	
  Regular	
  and	
  GCC	
  

•  Filtering	
  algorithm	
  based	
  on	
  Lagrangian	
  Relaxa1on	
  
–  Lagrangian	
  subproblems:	
  shortest	
  path	
  
–  Algorithm	
  for	
  the	
  Lagrangian	
  dual:	
  subgradient	
  

Regular([X1, . . . , Xn], A) ^ (
Pn

i=1 c
r
iXi

= Zr, 8 r = 0, . . . , R)

[Menana,	
  Demassey,	
  2009]	
  

2-­‐	
  Lagrangian	
  relaxa1on	
  -­‐	
  Mul1-­‐cost	
  regular	
  



3-­‐	
  Domain	
  filtering	
  for	
  Nvalue	
  using	
  LR	
  
NValue	
  
•  Linear	
  relaxa1on	
  and	
  reduced	
  cost	
  based	
  filtering	
  

•  Lagrangian	
  relaxa1on	
  and	
  cost	
  based	
  filtering	
  



NValue	
  

Enforce	
  N	
  to	
  be	
  the	
  number	
  of	
  dis1nct	
  values	
  appearing	
  
in	
  the	
  set	
  X	
  of	
  variables	
  

|{j | 9Xi 2 X , Xi = j}| = N

|{j | 9Xi 2 X , Xi = j}| � N

|{j | 9Xi 2 X , Xi = j}|  N

AtMostNValue([X1, . . . , Xn], N)

AtLeastNValue([X1, . . . , Xn], N)

NValue([X1, . . . , Xn], N)



=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)

AtMostNValue([2, 2, 2, 2, 4, 4, 2], 2)

AtMostNValue([X1, . . . , X6], N)

A	
  solu1on:	
  

AtMostNValue	
  



=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)

AtMostNValue([2, 2, 2, 2, 4, 4, 2], 2)

AtMostNValue([X1, . . . , X6], N)

A	
  solu1on:	
  

AtMostNValue	
  

=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)



=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)

AtMostNValue([2, 2, 2, 2, 4, 4, 2], 2)

AtMostNValue([X1, . . . , X6], N)

A	
  solu1on:	
  

=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)

AtMostNValue	
  

D(X3) \D(X5) = ;



=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)

AtMostNValue([X1, . . . , X6], N)

AtMostNValue	
  

•  Enforcing	
  GAC	
  is	
  NP-­‐Hard	
  
•  [Hebrard	
  et	
  al,	
  2006],	
  [Beldiceanu	
  et	
  al,	
  2001]:	
  

•  Lower	
  bound	
  of	
  N	
  obtained	
  by	
  a	
  greedy	
  compu1ng	
  an	
  independent	
  set	
  	
  
•  Best	
  lower	
  bound	
  obtained	
  with	
  a	
  linear	
  relaxa1on	
  	
  

	
  	
  	
  	
  	
  

=	
  {1,	
  2,	
  3,	
  4,	
  5,	
  6}	
  	
  D(X1)

=	
  {2,	
  4}	
  D(X2)

	
  	
  =	
  {1,	
  2}	
  	
  D(X3)

	
  =	
  {1,	
  2,	
  3}	
  D(X4)

	
  =	
  {4,	
  5}	
  D(X5)

	
  =	
  {4,	
  5}	
  D(X6)
	
  	
  =	
  {1,	
  2}	
  D(N)



AtMostNValue	
  –	
  Value	
  representa1on	
  

AtMostNValue([X1, . . . , Xn], [Y1, . . . , Ym], N)

:	
  value	
  j	
  occurs	
  at	
  least	
  once	
  Yj 2 {0, 1}

express	
  reasoning	
  on	
  mandatory	
  values	
  

D(X1) = {1, 2}, D(X2) = {2, 3}, D(N) = {2}
Example:	
  

Y2 = 1propagate	
  

D(X3) = {2, 4}



AtMostNValue	
  –	
  Lagrangian	
  relaxa1on	
  

Primal	
  

P

P
j2D(Xi)

yj � 1

yj 2 {0, 1}

8i

8j

Min z =
P

j yj



AtMostNValue	
  –	
  Lagrangian	
  relaxa1on	
  

Primal	
  

P

P
j2D(Xi)

yj � 1

yj 2 {0, 1}

8i

8j

(	
  	
  	
  	
  	
  )	
  �i

Min z =
P

j yj



AtMostNValue	
  –	
  Lagrangian	
  relaxa1on	
  

L(�)

For	
  any	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
  � � 0

yj 2 {0, 1} 8j

Primal	
   Lagrangian	
  subproblem	
  

P

P
j2D(Xi)

yj � 1

yj 2 {0, 1}

8i

8j

(	
  	
  	
  	
  	
  )	
  �i

Min z =
P

j yj Min w(�) =
P

j yj +
P

i �i(1�
P

j2D(Xi)

yj)



AtMostNValue	
  –	
  Lagrangian	
  relaxa1on	
  

L(�)

For	
  any	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
  � � 0

yj 2 {0, 1} 8j

Primal	
   Lagrangian	
  subproblem	
  

� 0

P

P
j2D(Xi)

yj � 1

yj 2 {0, 1}

8i

8j

(	
  	
  	
  	
  	
  )	
  �i  0

Min z =
P

j yj Min w(�) =
P

j yj +
P

i �i(1�
P

j2D(Xi)

yj)



AtMostNValue	
  –	
  Lagrangian	
  relaxa1on	
  

L(�)

For	
  any	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  :	
  	
  � � 0

yj 2 {0, 1} 8j

Primal	
   Lagrangian	
  subproblem	
  

P

P
j2D(Xi)

yj � 1

yj 2 {0, 1}

8i

8j qj

	
  
•  Complexity	
  of	
  Filtering	
  is	
  in	
  O(nm)	
  to	
  check	
  the	
  sign	
  of	
  	
  

•  If	
  	
  	
  	
  	
  	
  	
  is	
  nega1ve,	
  set	
  	
  	
  	
  	
  	
  	
  to	
  1	
  
•  If	
  	
  	
  	
  	
  	
  	
  	
  is	
  posi1ve,	
  set	
  	
  	
  	
  	
  	
  	
  to	
  0	
  

	
  

qj
qj
qj

yj
yj

Min z =
P

j yj Min w(�) =
P

j yj +
P

i �i(1�
P

j2D(Xi)

yj)

=
P

j(1�
P

i|j2D(Xi)

�i)yj +
P

i �i



•  	
  	
  	
  	
  	
  can	
  be	
  seen	
  as	
  a	
  “Lagrangian	
  reduced-­‐cost”:	
  

(the	
  increase/decrease	
  of	
  the	
  objecFve	
  value	
  for	
  se]ng	
  	
  	
  	
  	
  	
  	
  to	
  1/0)	
  
	
  
•  	
  The	
  filtering	
  rules	
  are	
  simply	
  :	
  

•  Filtering	
  can	
  be	
  done	
  from	
  any	
  values	
  of	
  	
  

AtMostNValue	
  –	
  LR	
  filtering	
  

(mandatory	
  values)	
  

(forbidden	
  values)	
  

qj

yj

�

w⇤ + (1� y⇤j )qj > N =) Yj 6= 1

w⇤ � y⇤j qj > N =) Yj 6= 0



Solving	
  the	
  Lagrangian	
  dual	
  
And	
  filtering	
  along	
  the	
  way	
  

AtMostNValue	
  –	
  LR	
  filtering	
  



Back	
  to	
  the	
  Linear	
  relaxa1on	
  

yj � 0 8j 2 [1,m]

yj  1

•  Assume	
  all	
  grounded	
  variables	
  have	
  been	
  removed	
  from	
  
the	
  formula1on	
  	
  

P
j2D(Xi)

yj � 1 8i 2 [1, n]

minimize	
  

s.t:	
  

8j 2 [1,m]

AtMostNValue([X1, . . . , Xn], [Y1, . . . , Ym], N)

z =
Pm

j=1 yj

yj 2 {0, 1}



Linear	
  relaxa1on	
  

yj � 0 8j 2 [1,m]

yj  1

•  Assume	
  all	
  grounded	
  variables	
  have	
  been	
  removed	
  from	
  
the	
  formula1on	
  	
  

P
j2D(Xi)

yj � 1 8i 2 [1, n]

minimize	
  

s.t:	
  

8j 2 [1,m]

AtMostNValue([X1, . . . , Xn], [Y1, . . . , Ym], N)

z =
Pm

j=1 yj



Linear	
  relaxa1on	
  

•  Assume	
  all	
  grounded	
  variables	
  have	
  been	
  removed	
  from	
  
the	
  formula1on	
  	
  

AtMostNValue([X1, . . . , Xn], [Y1, . . . , Ym], N)

yj � 0 8j 2 [1,m]

P
j2D(Xi)

yj � 1 8i 2 [1, n]

minimize	
  

s.t:	
  

z =
Pm

j=1 yj



Linear	
  relaxa1on	
  

yj � 0

P
j2D(Xi)

yj � 1

Min	
   z =
Pm

j=1 yj

LP	
  Primal	
  

8i

8j

w =
Pn

i=1 ↵iMax	
  

8j

↵i � 1 8i

P
i|j2D(Xi)

↵i  1

LP	
  Dual	
  



Linear	
  relaxa1on	
  

yj � 0

P
j2D(Xi)

yj � 1

Min	
   z =
Pm

j=1 yj

LP	
  Primal	
  

8i

8j

w =
Pn

i=1 ↵iMax	
  

8j

↵i � 1 8i

P
i|j2D(Xi)

↵i  1

LP	
  Dual	
  

•  Linear	
  reduced	
  cost:	
  

•  “Lagrangian	
  reduced-­‐cost”:	
   qj = 1�
P

i|j2D(Xi)

�i

(mandatory	
  values)	
  

(forbidden	
  values)	
  

r⇤j = 1�
P

i|j2D(Xi)

↵⇤
i

w⇤ + (1� y⇤j )qj > N =) Yj 6= 1

w⇤ � y⇤j qj > N =) Yj 6= 0



Linear	
  relaxa1on	
  

yj � 0

P
j2D(Xi)

yj � 1

Min	
   z =
Pm

j=1 yj

LP	
  Primal	
  

8i

8j

w =
Pn

i=1 ↵iMax	
  

8j

↵i � 1 8i

P
i|j2D(Xi)

↵i  1

LP	
  Dual	
  

•  Linear	
  reduced	
  cost:	
  

(mandatory	
  values)	
  

(forbidden	
  values)	
  

r⇤j = 1�
P

i|j2D(Xi)

↵⇤
i

w⇤ + (1� y⇤j )qj > N =) Yj 6= 1r⇤j

w⇤ � y⇤j qj > N =) Yj 6= 0r⇤j



Linear	
  relaxa1on	
  

yj � 0

P
j2D(Xi)

yj � 1

Min	
   z =
Pm

j=1 yj

LP	
  Primal	
  

8i

8j

w =
Pn

i=1 ↵iMax	
  

8j

↵i � 1 8i

P
i|j2D(Xi)

↵i  1

LP	
  Dual	
  

•  Linear	
  reduced	
  cost:	
   r⇤j = 1�
P

i|j2D(Xi)

↵⇤
i

Complementary	
  slackness	
   y⇤j r
⇤
j = 0

w⇤ + (1� y⇤j )qj > N =) Yj 6= 1r⇤j

w⇤ � y⇤j qj > N =) Yj 6= 0r⇤j (mandatory	
  values)	
  

(forbidden	
  values)	
  



Linear	
  relaxa1on	
  

yj � 0

P
j2D(Xi)

yj � 1

Min	
   z =
Pm

j=1 yj

LP	
  Primal	
  

8i

8j

w =
Pn

i=1 ↵iMax	
  

8j

↵i � 1 8i

P
i|j2D(Xi)

↵i  1

LP	
  Dual	
  

•  Linear	
  reduced	
  cost:	
   r⇤j = 1�
P

i|j2D(Xi)

↵⇤
i

Complementary	
  slackness	
   y⇤j r
⇤
j = 0

w⇤ + (1� y⇤j )qj > N =) Yj 6= 1r⇤j

w⇤ � y⇤j qj > N =) Yj 6= 0r⇤j (mandatory	
  values)	
  

(forbidden	
  values)	
  



Linear	
  relaxa1on	
  

yj � 0

P
j2D(Xi)

yj � 1

Min	
   z =
Pm

j=1 yj

LP	
  Primal	
  

8i

8j

w =
Pn

i=1 ↵iMax	
  

8j

↵i � 1 8i

P
i|j2D(Xi)

↵i  1

LP	
  Dual	
  

•  Linear	
  reduced	
  cost:	
  

w⇤ + (1� y⇤j )qj > W =) Yj 6= 1

r⇤j = 1�
P

i|j2D(Xi)

↵⇤
i

r⇤j
In	
  the	
  LP	
  case,	
  reduced-­‐cost	
  based	
  filtering	
  	
  
is	
  restricted	
  to	
  forbidden	
  values	
  

8j 2 [1,m] s.t y⇤j = 0 z⇤ + r⇤j > N =) Yj 6= 1



Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  



�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1



0.2	
   -­‐0.6	
   0.2	
   0.2	
   0.2	
  
�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1 q1 q2 q3 q4 q5



0.2	
   -­‐0.6	
   0.2	
   0.2	
   0.2	
  
�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1

0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5q1 q2 q3 q4 q5



0.2	
   -­‐0.6	
   0.2	
   0.2	
   0.2	
  
�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1

0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5 w⇤(�) = 1.8q1 q2 q3 q4 q5



0.2	
   -­‐0.6	
   0.2	
   0.2	
   0.2	
  
�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1

0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5 w⇤(�) = 1.8q1 q2 q3 q4 q5

=) Y2 6= 0w⇤(�)� q2 = 2.4 > N



0.2	
   -­‐0.6	
   0.2	
   0.2	
   0.2	
  
�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1

�2 �3

0.8	
   0.8	
   0.9	
  

�1

0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5 w⇤(�) = 1.8q1 q2 q3 q4 q5

=) Y2 6= 0w⇤(�)� q2 = 2.4 > N

0.2	
   -­‐0.6	
   0.2	
   0.1	
   0.1	
   0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5q1 q2 q3 q4 q5

w⇤(�) + q1 = 2.1 > N
w⇤(�) + q3 = 2.1 > N =) Y3 6= 1

=) Y1 6= 1

w⇤(�) = 1.9



0.2	
   -­‐0.6	
   0.2	
   0.2	
   0.2	
  
�2 �3

0.8	
   0.8	
   0.8	
  

Lagrangian	
  relaxa1on	
  -­‐	
  Example	
  

�1

�2 �3

0.8	
   0.8	
   0.9	
  

�1

0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5 w⇤(�) = 1.8q1 q2 q3 q4 q5

=) Y2 6= 0w⇤(�)� q2 = 2.4 > N

0.2	
   -­‐0.6	
   0.2	
   0.1	
   0.1	
   0	
   1	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5q1 q2 q3 q4 q5

w⇤(�) + q1 = 2.1 > N
w⇤(�) + q3 = 2.1 > N =) Y3 6= 1

=) Y1 6= 1

w⇤(�) = 1.9

�2 �3

0	
   1	
   1	
  

�1

1	
   0	
   0	
   0	
   0	
   0	
   0	
   0	
   0	
   0	
  

y⇤1 y⇤2 y⇤3 y⇤4 y⇤5q1 q2 q3 q4 q5 w⇤(�) = 2

=) Y1 6= 1

Op1mal	
  LP	
  mul1pliers	
  

w⇤(�) + q1 = 3 > N



Subgradient	
  -­‐	
  Example	
  
•  Let’s	
  consider	
  a	
  simple	
  step-­‐size	
  rule:	
  
•  The	
  first	
  four	
  itera1ons	
  of	
  the	
  subgradient:	
  



Domina1ng	
  queens	
  

•  The	
  filtering	
  of	
  LR	
  outperforms	
  the	
  state-­‐of-­‐the	
  art	
  propagator	
  
	
  

Slow	
  subgradient	
  
(beyer	
  convergence)	
  



Domina1ng	
  queens	
  

•  The	
  filtering	
  of	
  LR	
  outperforms	
  the	
  state-­‐of-­‐the	
  art	
  propagator	
  
•  LR	
  can	
  be	
  fast	
  (faster	
  than	
  LP)	
  
•  LR	
  can	
  filter	
  more	
  than	
  LP	
  
	
  

Slow	
  subgradient	
  
(beyer	
  convergence)	
  

LP	
  +	
  	
  
Reduced-­‐costs	
  



Domina1ng	
  queens	
  

•  The	
  filtering	
  of	
  LR	
  outperforms	
  the	
  state-­‐of-­‐the	
  art	
  propagator	
  
•  LR	
  can	
  be	
  fast	
  (faster	
  than	
  LP)	
  
•  LR	
  can	
  filter	
  more	
  than	
  LP	
  
	
  

Fast	
  	
  
subgradient	
  

Slow	
  subgradient	
  
(beyer	
  convergence)	
  

LP	
  +	
  	
  
Reduced-­‐costs	
  



Domina1ng	
  queens	
  

Slow	
  subgradient	
  
(beyer	
  convergence)	
  

•  The	
  filtering	
  of	
  LR	
  outperforms	
  the	
  state-­‐of-­‐the	
  art	
  propagator	
  
•  LR	
  can	
  be	
  fast	
  (faster	
  than	
  LP)	
  
•  LR	
  can	
  filter	
  more	
  than	
  LP	
  

Fast	
  	
  
subgradient	
  

LP	
  +	
  	
  
Reduced-­‐costs	
  



4-­‐	
  Use	
  of	
  LR	
  by	
  the	
  CP	
  community	
  
•  LR	
  for	
  domain’s	
  filtering	
  
•  LR	
  for	
  filtering	
  global	
  constraints	
  
•  Lagrangian	
  decomposi1on	
  (LD)	
  for	
  domain’s	
  filtering	
  
•  Applica1ons	
  using	
  CP+LR	
  



Lagrangian	
  relaxa1on	
  for	
  domain	
  filtering	
  

[Sellmann.	
  M.	
  Theore(cal	
  founda(ons	
  of	
  CP-­‐based	
  lagrangian	
  relaxa(on.	
  	
  CP	
  2004.]	
  
	
  [Khemmoudj,	
  M.O.,	
  Bennaceur,	
  H.	
  ,	
  Nagih,	
  A.:	
  	
  

	
  Combining	
  Arc-­‐Consistency	
  and	
  Dual	
  Lagrangean	
  Relaxa(on	
  for	
  Filtering	
  CSPs,	
  CP	
  2005]	
  

[Focacci,	
  F.,	
  Lodi,	
  A.,	
  Milano,	
  M.:	
  Cost-­‐Based	
  Domain	
  Filtering.	
  CP	
  1999]	
  
[Focacci,	
  F.,	
  Lodi,	
  A.,	
  Milano;	
  M.:	
  	
  

	
  CuNng	
  Planes	
  in	
  Constraint	
  Programming:	
  An	
  Hybrid	
  Approach,	
  CP	
  2000]	
  

…	
  



Lagrangian	
  relaxa1on	
  for	
  domain	
  filtering	
  

[Bergman,	
  D.,	
  Cire,	
  A.A.,	
  van	
  Hoeve,	
  W.J.:	
  
	
   	
  Lagrangian	
  Bounds	
  from	
  Decision	
  Diagrams.	
  Constraints	
  2015]	
  

[Gleixner,	
  A.,	
  Weltge,	
  S.:	
  
	
  Learning	
  and	
  Propaga(ng	
  Lagrangian	
  Variable	
  Bounds	
  for	
  Mixed-­‐Integer	
  Nonlinear	
  
	
  Programming.	
  CPAIOR	
  2013]	
  

[Sellmann.	
  M.	
  Theore(cal	
  founda(ons	
  of	
  CP-­‐based	
  lagrangian	
  relaxa(on.	
  	
  CP	
  2004.]	
  
	
  [Khemmoudj,	
  M.O.,	
  Bennaceur,	
  H.	
  ,	
  Nagih,	
  A.:	
  	
  

	
  Combining	
  Arc-­‐Consistency	
  and	
  Dual	
  Lagrangean	
  Relaxa(on	
  for	
  Filtering	
  CSPs,	
  CP	
  2005]	
  

[Focacci,	
  F.,	
  Lodi,	
  A.,	
  Milano,	
  M.:	
  Cost-­‐Based	
  Domain	
  Filtering.	
  CP	
  1999]	
  
[Focacci,	
  F.,	
  Lodi,	
  A.,	
  Milano;	
  M.:	
  	
  

	
  CuNng	
  Planes	
  in	
  Constraint	
  Programming:	
  An	
  Hybrid	
  Approach,	
  CP	
  2000]	
  

…	
  



Lagrangian	
  based	
  filtering	
  for	
  	
  
NP-­‐Hard	
  global	
  constraints	
  

Constraint	
   Lagrangian	
  
Subproblem	
  

Examples	
  of	
  applica(ons	
   References	
  

Mul1-­‐cost-­‐regular	
   Shortest/Longest	
  
Path	
  

Personnel	
  Scheduling	
   [Menana	
  et	
  al,	
  2009]	
  

Weighted-­‐circuit	
   1-­‐Tree	
  (Spanning	
  
Tree)	
  
	
  
Shortest	
  path	
  of	
  n-­‐
arcs	
  	
  

Traveling	
  Salesman	
  Problem	
  (TSP)	
  
Traveling	
  Purchaser	
  Problem	
  (TPP)	
  
Traveling	
  Tournament	
  (TTP)	
  
TSP	
  with	
  1me-­‐windows	
  

[Caseau	
  et	
  al,	
  1997]	
  
[Benoist	
  et	
  al,	
  2001]	
  
[Benchimol	
  et	
  al,	
  2012]	
  
[Fages	
  et	
  al,	
  2012]	
  
[Ducomman	
  et	
  al,	
  2015]	
  

AtMostNValue	
  /	
  
AtMostWValue	
  

Inspec1on	
   Traveling	
  Purchaser	
  Problem	
  
Facility	
  loca1on	
  
Warehouse	
  loca1on	
  

[Cambazard	
  et	
  al,	
  2012]	
  
[Cambazard	
  et	
  al,	
  2015]	
  

Bin-­‐Packing	
  with	
  usage	
  
costs	
  

Knapsack	
   Energy	
  op1miza1on	
  in	
  data-­‐centers	
  

Shortest	
  Path	
  in	
  DAG	
  with	
  
resource	
  constraints	
  

Shortest	
  Path	
   Mul1leaf	
  collimator	
  sequencing	
   [Sellmann,	
  2005]	
  
[Cambazard	
  et	
  al,	
  2010]	
  

Table	
  constraint	
  
(extensional	
  CSPs)	
  

Inspec1on	
   Extensional	
  CSP	
   [Khemmoudj,	
  2005]	
  



Generalizing	
  Lagrangian	
  Relaxa1on	
  

•  Using	
  CP	
  as	
  a	
  framework	
  to	
  generalize	
  
Lagrangian	
  relaxa1on	
  

	
  
	
  

[Fontaine,	
  D.,	
  Michel,	
  L.	
  ,	
  Van	
  Hentenryck,	
  P.:	
  	
  
	
   	
  Constraint-­‐Based	
  Lagrangian	
  Relaxa(on.	
  CP	
  2014]	
  



Lagrangian	
  decomposi1on	
  
•  Create	
  copies	
  of	
  the	
  decision	
  variables	
  for	
  each	
  constraint	
  set	
  
•  Relax	
  the	
  equality	
  constraints	
  between	
  the	
  copies	
  
	
  
[Guignard,	
  M.;	
  Kim,	
  S.,	
  Lagrangean	
  decomposi(on:	
  A	
  model	
  yielding	
  

stronger	
  Lagrangean	
  bounds,	
  Mathema1cal	
  Programming	
  (1987)	
  39,	
  215]	
  



Lagrangian	
  decomposi1on	
  
•  Create	
  copies	
  of	
  the	
  decision	
  variables	
  for	
  each	
  constraint	
  set	
  
•  Relax	
  the	
  equality	
  constraints	
  between	
  the	
  copies	
  
	
  
[Guignard,	
  M.;	
  Kim,	
  S.,	
  Lagrangean	
  decomposi(on:	
  A	
  model	
  yielding	
  

stronger	
  Lagrangean	
  bounds,	
  Mathema1cal	
  Programming	
  (1987)	
  39,	
  215]	
  

Max 2x1 + 3x2 + 4x3

12x1 + 19x2 + 30x3  46
49x1 + 40x2 + 31x3  76
x1, x2, x3 2 {0, 1}



Lagrangian	
  decomposi1on	
  
•  Create	
  copies	
  of	
  the	
  decision	
  variables	
  for	
  each	
  constraint	
  set	
  
•  Relax	
  the	
  equality	
  constraints	
  between	
  the	
  copies	
  

Max 2x1 + 3x2 + 4x3

12x1 + 19x2 + 30x3  46
49x1 + 40x2 + 31x3  76
x1, x2, x3 2 {0, 1}

+�(76� 49x1 � 40x2 � 31x3)
Max 2x1 + 3x2 + 4x3

12x1 + 19x2 + 30x3  46
x1, x2, x3 2 {0, 1}

+�(46� 12x1 � 19x2 � 30x3)
Max 2x1 + 3x2 + 4x3

x1, x2, x3 2 {0, 1}
49x1 + 40x2 + 31x3  76

LR1	
  

LR2	
  

� � 0

� � 0

[Guignard	
  and	
  al,	
  1987]	
  



Lagrangian	
  decomposi1on	
  
•  Create	
  copies	
  of	
  the	
  decision	
  variables	
  for	
  each	
  constraint	
  set	
  
•  Relax	
  the	
  equality	
  constraints	
  between	
  the	
  copies	
  

Max 2x1 + 3x2 + 4x3

12x1 + 19x2 + 30x3  46
49x1 + 40x2 + 31x3  76
x1, x2, x3 2 {0, 1}

+�(76� 49x1 � 40x2 � 31x3)
Max 2x1 + 3x2 + 4x3

12x1 + 19x2 + 30x3  46
x1, x2, x3 2 {0, 1}

+�(46� 12x1 � 19x2 � 30x3)
Max 2x1 + 3x2 + 4x3

x1, x2, x3 2 {0, 1}
49x1 + 40x2 + 31x3  76

49y1 + 40y2 + 31y3  76

Max 2x1 + 3x2 + 4x3

+�1(x1 � y1)
+�2(x2 � y2)
+�3(x3 � y3)

12x1 + 19x2 + 30x3  46

x1, x2, x3 2 {0, 1}
y1, y2, y3 2 {0, 1}

LR1	
  

LR2	
  

LD	
  

x = yrelax	
  

� � 0

� 2 R� � 0

[Guignard	
  and	
  al,	
  1987]	
  



Lagrangian	
  decomposi1on	
  

+�(76� 49x1 � 40x2 � 31x3)
Max 2x1 + 3x2 + 4x3

12x1 + 19x2 + 30x3  46
x1, x2, x3 2 {0, 1}

LR1	
  

+�(46� 12x1 � 19x2 � 30x3)
Max 2x1 + 3x2 + 4x3

x1, x2, x3 2 {0, 1}
49x1 + 40x2 + 31x3  76

LR2	
  

49y1 + 40y2 + 31y3  76

Max 2x1 + 3x2 + 4x3

+�1(x1 � y1)
+�2(x2 � y2)
+�3(x3 � y3)

12x1 + 19x2 + 30x3  46

x1, x2, x3 2 {0, 1}
y1, y2, y3 2 {0, 1}

LD	
  

LR1*	
  =	
  5.84	
  	
  

LR2*	
  =	
  6.6	
  	
  

LD*	
  =	
  4.5	
  	
  

z*	
  =	
  4	
  	
  

LP*	
  =	
  6.68	
  	
  

•  Lagrangian	
  decomposi1on	
  is	
  at	
  least	
  as	
  
good	
  as	
  Lagrangian	
  relaxa1on	
  

•  But	
  omen	
  involves	
  a	
  lot	
  of	
  mul1pliers	
  
(not	
  well	
  suited	
  for	
  subgradient	
  
techniques)	
  

[Guignard	
  and	
  al,	
  1987]	
  



Lagrangian	
  decomposi1on	
  
•  Create	
  copies	
  of	
  the	
  decision	
  variables	
  for	
  each	
  constraint	
  set	
  
•  Relax	
  the	
  equality	
  constraints	
  between	
  the	
  copies	
  
•  Two	
  CP	
  papers:	
  

[Bergman,	
  D.,	
  Cire,	
  A.,	
  van	
  Hoeve,	
  W.J.	
  	
  	
  
	
  Improved	
  Constraint	
  Propaga(on	
  via	
  Lagrangian	
  Decomposi(on,	
  CP	
  2015]	
  

[Ha,	
  M.H.,	
  Quimper,	
  C.G.,	
  Rousseau	
  L.M.	
  	
  	
  
	
  General	
  bounding	
  mechanism	
  for	
  Constraint	
  Programs,	
  CP	
  2015]	
  

	
  

•  Improve	
  the	
  lower	
  bound	
  provided	
  by	
  the	
  constraint	
  solver	
  and	
  
perform	
  global	
  filtering	
  	
  

•  Exis1ng	
  (global)	
  constraints	
  provide	
  efficient	
  solver	
  for	
  the	
  
Lagrangian	
  subproblems	
  ?	
  



Applica1ons	
  of	
  CP+LR	
  
•  Traveling	
  Salesman	
  Problem	
  [Caseau	
  et	
  al,	
  1997][Benchimol	
  et	
  al,	
  2012][Fages	
  et	
  

al,	
  2012]	
  
•  Traveling	
  Salesman	
  Problem	
  with	
  1me-­‐windows	
  [Focacci	
  et	
  al,	
  CP	
  2000][Bergman	
  

et	
  al,	
  CPAIOR	
  2015][Ducomman	
  et	
  al,	
  CP	
  2015]	
  
•  Traveling	
  Tournament	
  Problem	
  [Benoist	
  et	
  al,	
  CP	
  2001]	
  
•  Capacitated	
  Network	
  Design	
  [Sellmann	
  et	
  al,	
  2002]	
  
•  Automated	
  Recording	
  Problem	
  [Sellmann	
  et	
  al,	
  2003]	
  	
  
•  Network	
  design	
  [Cronholm	
  et	
  al,	
  CP	
  2004]	
  	
  
•  Resource	
  Constrained	
  Shortest	
  Path	
  Problem	
  [Gellermann	
  et	
  al,	
  CPAIOR	
  2005]	
  
•  Personnel	
  Scheduling	
  [Menana	
  et	
  al,	
  CPAIOR	
  2009]	
  	
  
•  Mul1leaf	
  sequencing	
  collimator	
  [Cambazard	
  et	
  al,	
  CPAIOR	
  2009]	
  
•  Parallel	
  Machine	
  Scheduling	
  with	
  Addi1onal	
  Resources	
  [Edis	
  et	
  al,	
  CPAIOR	
  2011]	
  
•  Resource	
  Constrained	
  Shortest	
  Path	
  with	
  a	
  Super	
  Addi1ve	
  Objec1ve	
  Func1on	
  

[Gualandi,	
  CP	
  2012]	
  
•  Traveling	
  Purchaser	
  Problem	
  [Cambazard	
  et	
  al,	
  CP	
  2012]	
  
•  Golomb	
  rulers	
  [Slusky	
  et	
  al,	
  CPAIOR	
  2013]	
  
•  Empirical	
  Model	
  Learning	
  [Lombardi	
  et	
  al,	
  CP	
  2013]	
  
•  Net	
  Present	
  Value	
  of	
  Resource-­‐Constrained	
  Projects	
  [Gu	
  et	
  al,	
  CPAIOR	
  2013]	
  



Conclusion	
  LR	
  and	
  CP	
  
Ø  The	
  roles	
  of	
  LR	
  within	
  CP:	
  
	
  
•  Allow	
  CP	
  solvers	
  to	
  provide	
  lower	
  bounds	
  

•  Provide	
  a	
  simple	
  framework	
  performing	
  cost	
  based	
  filtering	
  for	
  NP-­‐
hard	
  global	
  constraints:	
  
–  Bin-­‐Packing	
  
–  Disjunc1ve	
  
–  …	
  

•  Rela1vely	
  generic	
  approach	
  to	
  allow	
  coopera1on	
  between	
  
constraints	
  beyond	
  the	
  domains	
  

Ø  CP	
  solvers	
  as	
  a	
  framework	
  to	
  provide	
  “automated”	
  Lagrangian	
  
relaxa1on	
  ?	
  	
  



Conclusion	
  
•  Allow	
  CP	
  solvers	
  to	
  provide	
  lower	
  bounds	
  

•  Provide	
  a	
  simple	
  framework	
  performing	
  cost	
  based	
  filtering	
  for	
  NP-­‐
hard	
  global	
  constraints:	
  
–  Bin-­‐Packing	
  
–  Disjunc1ve	
  
–  Global	
  Sequencing	
  Constraint	
  	
  
–  …	
  

•  Rela1vely	
  generic	
  approach	
  to	
  allow	
  coopera1on	
  between	
  
constraints	
  beyond	
  the	
  domains	
  

•  CP	
  solvers	
  as	
  a	
  framework	
  to	
  provide	
  “automated”	
  Lagrangian	
  
relaxa1on	
  	
  

“For	
  the	
  future,	
  it	
  remains	
  to	
  be	
  seen	
  whether	
  Lagrangian	
  relaxa1on	
  will	
  con1nue	
  to	
  exist	
  
as	
  a	
  technique	
  that	
  requires	
  a	
  significant	
  ad	
  hoc	
  development	
  effort	
  or	
  whether	
  the	
  
essen1al	
  building	
  blocks	
  of	
  Lagrangian	
  relaxa1on	
  will	
  find	
  their	
  way	
  into	
  user-­‐friendly	
  
mathema1cal	
  programming	
  codes	
  such	
  as	
  LINDO	
  or	
  IFPS	
  OPTIMUM.	
  
...	
  
It	
  would	
  then	
  be	
  lem	
  to	
  the	
  analyst	
  to	
  decide	
  which	
  constraints	
  to	
  dualize	
  and	
  to	
  specify	
  
which	
  of	
  the	
  possible	
  Lagrangian	
  problem	
  algorithms	
  to	
  use.	
  (Marshall	
  L.	
  Fisher,	
  1985)”	
  
	
  


